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This Appendix, presented to the student, is intended to 
supply some omissions in the notes, and to afford some assistance 
in the application of the principles of Geometry to the solution 
of Problems. 

The first part supplies some additional notes on the elements, 
and a more full exposition of the method of the Geometrical 
Analysis.. 
\ The second consists of a short tract on the theory of Trans- 
^ yersals, embracing only the most elementary properties. 
j^ The third part consists of hints, remarks, &c. on the Prob- 
ft) lems and Theorems. The constructive part of the analysis or 
V synthesis is generally given, either wholly or partially, and the 
^ rest with the demonstration is left to the student. In some instances 
^ only brief remarks and references to Euclid are given. 

These hints and remarks, it is hoped, will be found service- 
able to the student in his geometrical studies, without paralyzing 
the efforts of his own mind. 



R. P. 



Trinity College, 
\7th November, 1847. 



ERRATUM. 

In page 9, line 27? after the words " to constmct the triangle,** add '^ which shall 
have its vertex in the circumference of the given circle/ 
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ADDITIONAL NOTES TO BOOK I. 

It has been maintAined by some writen both of ancient and modem timet, that 
Geometry is a peifecUy abstract Science, a body of truths completely independent of all 
human observation and experience. The truths o( Geometry may, possibly, be a portion 
of absolute and universal truths, such as change not in all time, and which maintain 
the same constant universality under every conceivable state of existence. StiU it 
must be admitted that however abstract and independent of experience mch truths 
may be in themselves, it was not as such that they were originally diieovered, or 
in that form diat they are apprehended by the human mind. 

The natural process of the hvman mind in the acquirement of knowledge and in 
the discovery of truth, is, to proceed from the particular to the general^ ftom the tentWk 
to the abttract. It is perhaps not too much to iffiim, that the human mind would i 
never have speculated on the abstract properties of circles and tdangles unless some' 
viilble forms of such figures had first been exhibited to the senses. It does seem mote 
probable asd analc^ous to the rise and progress of 'other brandies of human knowledge, 
that the fundamental truths of Geometry should have been first discovered from sug- 
gestions noade to the senses; and this opinion, too, is not repugnant to the earUeit 
historical notices existing on the subject. The human mind is so constituted that exact 
knowledge in any Science can only be acquired progressively. Every successive st^ 
in advance must be taken as a sequel to, and dependent upon, the previous acquire- 
ments ; aiad some intelligible facts and first principles must form the basis of all human 
Science. 

Now the only possible way of expluning terms denoting single perceptions is to w^ 
excite those simple perceptions. The impossibility of definmg a word expressive of a 
simple pesception is well known to every one who has paid any attention to his own 
intellectual progress. The only way (^ rendering a simple term intelligible is to exhibit 
the object of which it is the s^, or some sensible representation of it. A straight line 
therefore must be drawn, and by drawing a curved line and a crooked line, the dis- 
tinction will be perfectly understood. Again, the definition of a complex term consists 
merely in the enumeration of the simple ideas for which it stands, and it will be found 
that all definitions must have some term or terms equaUy requiring definiti(« or expla- 
nation with the one defined. The sensible evidence of things is only to be acquired by 
the evidence of the senses. 

The definitions of Euclid appeal directly to the senses ; and the fundamental tlieoicm ' 
(£uc. u 4) which forms the basis of all the succeeding propositions, is demonstfated by 
one of the simplest appeals to experience. At every step there is a reference made to 
something exhibited to the senses, the coincidence of the lines, the angles, and lastly, the 
surfaces of the two triangles, and by shewing a perfect coincidence, dieir equality is 
inferred* The instance exhibited, and die proof applied to it, is equally valid for any 
triangles whatever which have the same specified conditions given in the hypothesis. 
The same reasoning may be applied to any similar case which can be conceived, and thus' 
from a single instance demonstrated by appeal to the senses, we are led to admit the 
statement contained in the general enunciation. These considerations appear to support 
the opinion, that the truths of Geometry, as a portion of human Sdenoe, rest ultimately 
on the evidence of the senses. 

It may also be suggested, whether it be not a pomt of oonkderable. importance to be . 
able to discriminate, where human Science begins, and how certainty is acquired. -^^ 

A ^ 



2 APPENDIX TO BUCLID'S BLBMBNTS. 

Fiop. XXIX. With respect to the different proposals made for the amendment of 
Eudid^s method of treating the subject of parallel straight lines, it may be observed, 
that they all consist in setting out either with a different or a modified result from that 
of Euclid,^ — all true, .and more or less obvious to the senses. 

Euclid has discussed die elementary properties of irianglety or of two lines which 
meet one another and are intersected by a third line, before he has entered upon the 
discussion of the properties of two lines which do not meet when they are intersected by 
a third line. The principal objection to Euclid's method of treating the subject of 
parallel lines, is the assumption of one truth as an axiom^ which forms the converse of a 
theorem which he has demonstrated as the seventeenth proposition of the first book. 
Almost every writer on the subject admit84he necessity of assuming some positive pro- 
perty of parallel lines as the basis of the reasonings on such lines : and that amendment 
of Euclid*s method would seem to be the best which simply supplies a defect, and leaves 
the so-called twelfth axiom to assume its rightful position as a theorem, and to fall into 
its proper place after the seventeenth proposition. 

Two straight lines in the same plane which do not meet, when produced, may be 
convergent ot divergent with respect to each other, according to the directicms in which 
both lines are produced; or, when produced in either direction, they may be neither 
divergent nor convergent. 

When a third line falls upon two straight lines and makes the two interior angles on 

.one side of it less than two right angles; on that side of the line, the two straight 

lines are convergent^ and will, if produced far enough, meet one another, as it is stated 

.in the so-called twelfth axiom. On the other side of the line, the two interior angles 

are greater than two right angles, and the two straight lines are divergenty and will never 

.meet, how far soever they may be produced. 

The limiting position of the two straight lines, is, when they are neither convergent 
.nor divergent^ that is, when they do not meet when produced in either direction; and 
such lines are then said to be parallel to one another. If the two parallel lines be inter- 
sected by a third line, the following properties exist respecting the angles, whether the 
intersecting line be perpendicular or be not perpendicular to either of the parallel lines. 

(1) The two interior angles on each side of the intersecting line are equal to two 
right angles. Euc. i. 28. 

(2) The alternate angles on each side of the intersecting line are equal to one 
another. Euc i. 27. 

(3) The exterior angles are equal to their coirespondiog interior angles on the 
same side of the intersecting line. Euc. i. 28. 

If the intersecting line be perpendicular to one of the parallel lines ; it is also perpen- 
dicular to the olher : and 

(4) The peipendicular distance between the two lines is always the samp. 

If it has been correctly stated, that all axiome are in reality theorenu assumed 

. without proof, and that all demonstrated truths must depend on some truths assumed 

or admitted to be true, not necessarily truths first discovered, but truths the most simple 

and which arise directly from the subject of the definitions ; the doctrine of parallel lines 

may be legitimately treated by assuming some one of the positive properties of such 

. lines as the basis for demonstrating their other properties. 

Any one of the four positive properties just stated may be assumed as the foundation 
of the theory of parallel lines, and that theory may be made to depend on the distance 
between the paralld lines, or on some of the angles made by any intersecting line. If 
the former assumption be adopted : does it not involve that lines which are perpendicular 
to one of the parallel lines, are also peipendicular to the other, as well, as that all 
such distances are equal ? This would require more to be taken for granted, than 
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would be necessary by assuming the equality of the exterior and interior angles, or 
either of the two remainiog properties respecting the angles which the parallels make 
with any intersectmg line. 

In general, with respect to indirect demonstrations, it may be questioned whether | 
they ought eyer to be admitted as a legitimate mode of proof in a primary and fun- \ 
damental proposition. Indirect demonstrations are properly and most effectually applied 
in proving the converse of a proposition which has been demonstrated by a direct appeal 
to assumed or demonstrated principles. To make a negative property or an indirect 
demonstration the basis of a positive doctrine, seems to be an inversion of the natural 
process the mind pursues in the investigation of truth, and to leave the doctrine exposed^ 
to all the objections which may be made from die illogical attempt to prove a potitive 
from, a negative truth, ^-u. l^^ ^hwv«|dt*C« C»^.s^m^cX«w »J K-u^i.^ ^juawyit^w*. fi'S\. 

For a more philosophical view of the subject, reference may be made to Professor 
Fowell*s able Pamphlet, <<0n the Theory of Parallel Lines." 



ADDITIONAL NOTES TO BOOK V. 

The doctrine of Ratio and Proportion is one of the most important in the whole 
course of mathematical truths, and it appears probable tiiat if the subject were read 
simultaneously in the Algebraical and Geometrical form, the investigations of the 
properties, under both aspects, would mutually assist each other, and both become 
equally comprehensible ; also their distinct characters would be more easily perceived. 

In the definition of Ratio as given by Euclid, all reference to a third magnitude | 
of the same geometrical species, as a measure for comparing the two, whose ratio ist 
the subject of conception, has been carefully avoided. It is their relatun one to the!' 
other, without the intervention of their sum, their difference, or any standard unit what-/ 
ever. One of tiie magnitudes is made the standard by which the other is estimated ; but! 
even this is not effected by means which require tiie inquiry, ^'how many times is the 
one contained in the other ?" Such a procedure would, undoubtedly, have been legitimate, 
had it been also convenient : but it would at once have led to considerations respecting 
fractions or irrational functions. Euclid eflfects his demonstmtions by the aid of multiples 
instead of quotients : by repetitions of the magnitudes themselves, instead of finding what 
multiple the one magnitude is of the other, or what multiple each of them is of some 
third magnitude. Euclid's results too are obtained witii greater logical brevity, and he 1 
employs fewer principles in tiieir establishment, than any writer' has yet been able to do, : 
in a strictly legitimate Jbrm^ by means of the Modem Algebra. 

The simple idea of ratio of itself, and absolutely considered, could not, however, lead 
to any conclusion respecting tiie properties of figures any more than the mere idea of 
magnitude. It is hy the comparison of two or more magnitudes subjected to some 
specijic conditions in the first four books of the Elements, tiiat all the propositions 
have been demonstrated : and it is hy the comparison of the ratios of two or more pairs 
of correlative magnitudes^ subject to specifed conditions, that the properties of figures 
depending on ratio are to be established. Euclid does not offer even a solitary property 
of a single ratio, or of the magnitudes whose ratio it is : except, indeed, that already' 
adverted to, as constituting, in fact, an axiom. 

As each of two ratios involves the idea of two magnitudes, the least number of 
magnitudes between which a comparison of ratios is possible, is four, two for each of the 
ratios. When tiiese ratios are equal, the sixth definition gives the name of proportionals 
to them collectively, and points out the mode in which they are to be spoken of, and the 
ordinary, though somewhat inconvenient mode of writing them* 



4 APPBKDIX TO BUCUD'S BLEMBNTS. 

The fifdi defimtioii is that of e^nal ratiM. The definition of ratio itielf (deft. 3, 4) 
cmitatinii no criterion by which one atio may be known lo be equal to another ratio ; 
analogous to that by which one magnitude ie known to be equal to another magnitnde 
(£nc. I. As. 8). The preceding definitions (3, 4) only restrict the conception of ratio 
within certain limits, but lay down no test for comparison, or the deduction of pio- 
parties. All £uclid*s reasonings were to turn upon this comparison of ratios, and henee 
it was competent to lay down a criterion of equality and inequality of two ratios between 
two pairs of magnirades. In short, his iffecAve definition is a definition of proportionsli. 

The precision with which this definition is expressed, considering the number of 
conditions involyed in it, is remarkable. Like all complete definitions, the terms (Uie 
subject and predicate) are conyertible: that is, 

(a) If the four magnitudes be proportionals, and any equimultiples be taken as 
prescribed, they shall have the specified relations with respect to '' greater, greater, &«.** 

(ft) If of four magnitudes, two and two of the same Geometrical Species, it can be 
shewn that the prescribed equimultiples being taken, the conditions under which thoee 
magnitudes exist, mutt he such as to fulfil the criterion << greater, greater, &c'*; then 
these four magnitudes shall be proportionals* 

It may be remarked, that the cases in which the second part of the criterion (^< equal, 
equal") can be fulfilled, are comparatiTdy few: namely, those in which the given 
magnitudes, whose ratio is under consideration, are both exact multiples of some third 
magnitude— 4xr those which are called commenturalie. When this, however, is fulfilled, 
the other two will be fulfilled as a coutequence of this, MThen this is not the case, or 
the magnitudes are imeommensurable^ the other two criteria determine the proportionality. 
However, when no hypothesis respecting commensurability is involved, the contem- 
poraneous existence of the three cases (^'greater^ greater; equal, equal; less, less'*) 
must be deduced from the hypothetical conditions under which the magnitudes exist, to 
render the criterion valid. 

The following axiomsy though not expressed by Euclid, are virtually employed by 
him, and may be added to the four he has given. 

• Ax. 6. A part of a greater magnitude is greater than the same part of a less 
magnitude* 

Ax. 6. That magnitude of which any part is greater than the same part of another, 
is greater than that other magnitude. 

The fifth book of the Elements as a portion of Euclid's System of Geometry ought 
to be retained, as the doctrine contains some of the most important characteristics of an 
efl&ctive instrument of intellectual Education. This opinion is favoured by Dr Banow 
in the foUowing expressive terms : << There is nothing in the whole body of the ElemenU 
of a more subtile invention, nothing more stdidly established, or more accurately handled 
than the doctrine of proportionais." 



ADDITIONAL NOTES TO BOOK VI, 

Prop. xxiH. The doctrine of compound rado, induding duplicate and triplicate 
ratio, in the form in which it was propounded and practised by the ancient Gteometeri 
has been almost wholly superseded. However satisfactory for the purposes of exaet 
reasoning the method of expressing the ratio of two surfaces, or of* two solids by 
two straight lines, may be in itself, it has not been found to be the form best suited 
for the direct appUcation of the results of Geometry. Almost all modem writen on 
Geometry and its applications to. every branefa of the Mathematical Sciences, have adopted 
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AB 

the algebraical notation of a quotient AB : BC ; or of a fraction ^^ ; for expressing 

the ratio of two magnitudes : at well as the form of a product AB x BC, or AB . BC, 
for the ezpiessioB of a rectangle. The want of a concise and expressiye method of 
notation to indicate the proportion of Geometrical Mi^^tndes in a form suited for the 
direct application of the results, has doubtless fsvourcd the introduction of Algebraical 
Sjrmbols into the language of Geometry. It must be admitted, however, that such 
notations in the language of pure Geometry are liable to very serious objections, chiefly 
on the ground that pure Geometry does not admit the Arithmetical or Algebraical idea of 
^prodmct or a quoHetit into its reasonings. On the other hand, it may be urged, that it 
is not the employment of symbols which renders a process of reasoning peculiarly 
Geometrical or Algebraical, but the ideas which are expressed by them. If symbols be 
employed in Geometrical reasonings, and be understood to express the magnitudeg them- 
selves and the conc^ion of their Geometrical ratiOy and not any measures, or numetical 
values of them^ there would not appear to be any very great objections to their use, 
provided that the notations employed were such as are not likely to lead to misconception. 
It is, however, desirable, for the sake of avoiding ooniusion of ideas in reasoning on the 
properties of number and of magnitude, that the language and notations employed both 
in Geometry and Algebra should be rigidly deined and strictly adhered to, in aU cases. 
At the commencement of his Geometrical studies, the student is recommended not to 
employ the symbols of Algebra in Geometrical demonstrations (see preface). How fiur it 
may be necessary or advisable to employ them when he fully understands the nature of 
the subject, is a question on which some difference of c^funion exists* 

The f<dlowing is an example of the method which is geneially used : 

If (figure £uc. vi. 23) the parallelograms be supposed to be rectangular. 

Then the rectangle AC : the rectangle DG :: BC : CG, £uc. vi. 1. 
and the rectangle PG : the rectangle CF :: CD : £C, 
whence the rectangle AC : the rectangle CF :: BC. CD : £C. CG. 

Or, the areas of two rectangles are proportional to the products of the units con- 
tained in their adjacent sides respectively. 

If, however, we agree that the ratio of BC .CD te £C • CG shall be interpreted to 
represent the ratio compounded of the ratios of the adjacent sides of the rectangles ; we 
may express the proportion in the following form. 

Tiie ratio of the areas of two rectangles is as the ratio which is compounded of the 
fatios of their basea and altitudes. 

Also, in a sunilar way, it may be shewn that the ratio of the areas of any two 
parallelograms, whether they be equiangular or not, is as the ratio compounded of the 
ratios of their bases and altitudes. 

In conclusion, the Student must always remember that the introduction of numeiical 
measures or Algebraical operations, must be resided as a departure from the ancient 
Geometry, which, as a Science, recognises no unit of measurement whatever^ ^ a :. ' , v 






ON THE CLASSIFICATION OF PROPOSITION!^ 

Thxbb are only two foims of Propositions in the Blements, the theorem and the 
problem* In the theorem, it is asser t ed, and is to be proved, that if a geometrical figure 
be constructed with certain specified conditions, then some other specified relations must 
fiecessarily exist between the constituent parts of that figure. Thus^-^if squares be 
described on the sides and hypothenuse of a rig^t-angled triangle^ the square on the 
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h]rpothenuse muit hecestarUy be equal to the other two squares upon the sides (Euc x, 
47). In the problem^ certain things are given in magnitude, position, or both, and it is 
required to find certain other things in magnitude, position, or both, that shall necessarily 
have a specified relation to the data, or to each other, or to both. Thus :.— « circle being 
given, it may be required to construct a pentagon, which shall have its angular points in 
the circumference, and which shall also have both all its sides equal, and all its angles 
equal. (Euc iv. 11.) 

I In £uclid*s propositions, it may be remarked, there is in general, an aim at definite- 
ness^ considered in reference to the qutesitum of the problem, and the predicate of the 
theorem^ The gutesitum of the problem is either a single thing, as the perpendicular in 
I Euc. I. 1 1 ; or at most two, as the tangents to the circle in the first case of Euc in. 17; 
and in the most general problems, even those which transcend the ordinary geometry, 
the solutions are always restricted to a definite number, which can always be assigned 
a priori for every problem. In certain cases, however, the conditions given in Euclid are 
not sufiicient to fix entirely the quesitum in all respects. For instance, Euc. iv. 10, the 
magnitude of the triangle is any whatever, and therefore not entirely fixed in all respects ; 
or, again, in Euclid iv. 11, the pentagon may be any whatever, so that its position in the 
drde is not fixed. To fix the magnitude of the triangle or the position of the pentagon, 
some other condition independent of the data, must be added to the conditions of the 
problem. The length and position of some line connected with the triangle, (as one of the 
equal sides, the base, the perpendicular, &c) would have fixed the triangle in magnitude 
and position ; and the position of one angular point of the pentagon, or the condition 
that one side of the pentagon should pass through a given point (though this point must 
be subject to a certain restriction as to position, if within the circle), or any other possible 
conditions, would have confined the pentagon to a single position, or to the alternative 
of two positions. Such is the only kind of indeterminateness in the problems of ^' the 
Elements." In the enunciation of the theorems too, the same aim at singleness in the 
property asserted to be consequent on the hypothesis, is apparent throughout. There 
is,' however, a remarkable difierenoe in the characters of the hjrpotheses themselves, in 
Euclid's theorems: viz. 

(1) That in some of them, one thing alone, or a certain definite number, possess the 
property which is aflkmed in the enunciation. 

(2) That all the things constituted subject to the hypothetical conditions, possess 
the affirmed property. 

As instances of the first class, the greater number of theorems in the Elements may 
be referred to, as Euc. i. 4, 6, 6, 8, which are of the simplest class. In these, only one 
thing is asserted to be equal to another specified thing. In all the theorems of the 
Second Book, one thing is asserted to be equal to several other things taken together ; 
and the same occurs in Euc. i. 47, as well as frequently in the other Books. They 
sometimes also take the form of asserting that no certain magnitude is greater or less 
than another, as in Euc. i. 16, or that two things together are less than or greater than, 
some one thing or several things, as Euc. i. 17. In all cases, however, this class is 
distinguished by the circumstance, that the things asserted to have the property are of a 
given finite number. 

As instances of the second class, reference may be made to Euc. i. 36, 36, 37, 38, 
where all the parallelograms in the two former, and all the triangles in the two latter, are 
asserted to have the property of being equal to one given parallelogram or one given 
triangle. Or to Euc in. 14, 20, 21 ; the lines in the circle in Prop. 14, or the angles 
at the circumference in Props. 20, 21, are any whatever, and therefore M the lines or 
angles constituted as in the enunciations, fulfil the conditions. Or again, in Book v. the 
two pairs of indefinite multiples, which form the basis of Euclid's definition of pro- 
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portionals ; or his propositions '^ ex aquo^*^ and *' ex tsquo perturhcttOy** and the Piopo- 
sitioDS F, Gy H, K; or, lastly, Euc. vi. 2, in which the property is (really, though not 
formally,) affirmed to be true when any line is drawn parallel to any one of the sides of 
the triangle. 

The very circumstance, indeed, just noticed parenthetically, prevails so much in 
£uclid*8 enunciations, as to render it dear that it was his object as much as possible to 
render the conditions of the hypothesis formdUy definite in number ; and if these remarks 
had no prospectiye reference, the circumstance would scarcely deserve notice. Still, with 
such prospective reference, it is necessary to insist upon the fact, that however the form 
of enunciation may be calculated to remove observation from it, the hypothesis itself is 
indefinite, or includes an indefinite number of things, which an additional condition 
would, as in the case of the problem, have restricted either to . one thing or to a certain 
number of things. 

Sometimes too, the theorem is enunciated in the form of a negation of possibility, as ' 
Euc. I. 7) III* 4, 5, 6, &c These offer no occasion for remark, except to the ingenious 
modes of demonstration employed by Euclid. All such demonstrations must necessarily 
be indirect, assuming as an admitted truth the possibility of the fact denied in the enun- 
dation. 

Both among the Theorems and Problems, cases occur in which the hypotheses of the 
one, and the data or qussita of the other, are restricted within certain limits as to 
magnitude and potition* The determination of these limits constitutes the doctrine of 
Maxima and Minima, Thus : — the limit of possible diminution of the sum of the two 
sides of a triangle described upon a given base, is the magnitude of the base itself, 
Euc. I. 20, 22 : — the limit of the side of a square which shall be equal to the rectangle 
of the tvro parts into which a given line may be divided, is half the line, as it appears 
from Euc. ii. b i^^ihe greatest line that can be drawn from a given point within a 
circle, to the circumference, Euc. iii. 7? is the line which passes through the centre of 
the circle ; and the least line which can be so drawn from the same point, is the part 
produced, of the greatest line between the given point and the circumference. Euc. iii. 8, 
also affords another instance of a maximum and a minimum when the given point is 
outside the g^ven circle. 

The theorem Euc. vi. 27 is a case of the maximum value which a figure fulfilling 
the other conditions can have ; and the succeeding proposition is a problem involving 
this fact among the conditions as a part of the data, in truth, perfectly analogous to 
Euc. I. 20, 22 ; and finally, there are instances either direct or virtual in Euc. xi. 20, 
21, 22, 23. 

The doctrine itself was carefully cultivated by the Greek Geometers, and no solution 
of a Problem or demonstration of a theorem was considered to be complete, in which.it 
was not determined, whether there existed such limitations to the possible magnitudes 
concerned in it, and how those limitations were to be actually determined. 

Such Propositions as directly relate to Maxima and JIfinifiia, may be proposed either 
as Theorems or Problems. For the most part, however, it is the more general practice 
to propose them as Problems; but this has most probably arisen from the greater brevity 
of the enunciations in the form of a Problem. When proposed as a Problem, there is 
greater difficulty involved in the solution, as it required to find the limits with respect to 
increase and decrease; and then to prove the truth of the construction : whereas in the 
form of a Theorem, the construction itself is given in the hypothesis. 

It may be remarked that though the Differential Calculus is always effective for the 
determination of Maxima and Minima, (in cases where such exist) yet in numeroua 
cases, where it is applied to Problems of the classes which were cultivated by the Andent 
Geometers, it is far less direct and elegant in its determinations than the Geometrical 
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metbodfl. Now if lefeienoe be made to what has been stated veepeetiiig Theorems, where the 
hypothesis is indetemHnatey or wanting in that completeness which reduces the property 
spoken of to a single example of the figure in question, a consequence of ikaX pecvUarHy 
in such classes of Propositions may be remarked. 

This peculiarity introduces another class of Proposidons, which, though in ^the 
Elements ** somewhat disguised, formed an important portion of the Ancient Geometry : — 
the doctrine of Loci. 

If the converse of Euc. i. 34, 36, 36, 37, end Euc. iii. 20, 21, be taken in the form 
of Problems, they will become, 

(1) Given the base and area, to construct the parallelogram. 

(2) Given the base and area, to construct the triangle. 

(3) Given the base and vertical angle, to construct the triangle. 

Now three condition* are necessary to fix the magnitude of a triangle or a parallelo- 
gram, and in general, three only are suflicient for the purpose; but here it will be 
observed that only two are given in each case. The precise triangle or parallelogrun, 
viewed as peculiarly solving the Problem, cannot be separated from all the others, except 
by adding some third condition to the two already given. 

The side of the parallelogram in (1), and the vertex of the triangle in (2), opposite 

to the base, may be in any positions in a certain line parallel to the base ; and the vertex 

of the triangle in (3), may be at any point in the circumference of a segment of a certain 

icirde. The parallel line in which the vertices of all the equal triangles are situated, in 

one case, and the arc of the circle in which the vertices of all tlie triangles having 

' equal vertical angles are situated, is each called the locus of the vertex of the triangle, 

• since it occupies, in each case, aU the placet in which that vertex may be situated so as to 

I fulfil the required conditions. In the same way, the parallel to the base is also the 

. locus of all the positions in which the other two angular points of the paraUelogram 

may be situated. These Problems are the simplest instances of that class which is 

called Local Prchlemt; and their peculiar character is, that the data are one less than the 

number of conditions required by the nature of the Problem to restrict the quaesitum 

to a single or specified number of cases ; as in these Problems the data consist of two 

conditions, while the exactly defining conditions must be three. 

Again, viewed as Theorems, they may be thus enunciated : — 

(1) If the base and area of a parallelogram be given, the locus of the other angular 
points will be a straight line parallel to the base. 

(2) If the base and area of a triangle be given, the locus of its vertex is a straight 
line parallel to the base. 

(3) If the base and vertical angle of a triangle be given, the locus of the vertex will 
be an arc of a circle. 

In the original form of the pn^ositions, the entire meaning, and that justified by 
£uclid*8 own reasoning, is that which would result from saying, '^ all triangles,** <^all 
parallelograms,** &c. It will obviously be the case here, as in the Maxima and Minima,, 
that the proposition may be enunciated either as a local theorem or as a local prohlem; 
and the circumstances will be similar as to the comparative brevity of enunciation and 
difficulty of the solution, when the proposition is given in the form of a Problem. 

The great use made of loci by the Ancient Geometers was in the construction of 
determinate Problems. A certain number of data are required according to the nature of 
the Problem for rendering the quaesitum determinate ; as, for instance, those in the case 
of the triangle. The subject will be better illustrated by an example, and one may be 
founded on the second and third propositicms already noticed, which will take the follow- 
ing form: — 

Given the base, the area, and the vertical angle of a triangle, to construct it« 
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When the base and the area of a triangle are given, the locus of iti yertex is a straight 
line which can be determined from these data ; and when the base and vertical angle are 
given, the locus of the vertex is a portion of the circumference of a circle which can be 
determined from these data. Now the point or points of intersection of these lod, will 
fulfil both conditions, that the triangle shall have the given area, and the given vertical 
angle. To express the principle generally : — let there be n conditions requisite for the 
determination of a point which either constitutes the solution, or upon which the solution 
of the problem depends. Find the locus of this point subject to (fi-1) of these con- 
ditions ; and again, the locus of the point subject to any other (ft -^ 1) of these conditioas. 
The intersection of these two loci gives the point required. 

It may be observed that (» - 2) of the data must be the same in determining the 
two loci, and no one of the n data must be a consequence of, or depend upon, the 
remaining (n-l) data, in other words, the n data must separately express n independent 
conditions. 

There are however cases in which one datum is involved in another, and these are of 
two different kinds-^Mefittfl/ and accidentoL To illustrate this distinction, let the fol- 
lowing Problem be taken; 

Given the base, the «rea, and the peirpendicular drawn ftom the vertex to the base of 
the triangle, to construct it Or, 

Given the base, the vertical angle and the sum of the other two angles at the base of 
the triangle, to construct it. 

Now in each of these problems, the third datum is abscdutdy determined and in- 
variable, in consequence of its essential dependence on the two previous ones. 

This dependence is universal and enentiaL 

Again, suppose the problem were ;— 

Given the base of a triangle and a circle in magnitude and position, and likewise the 
vertical angle, to construct the triangle. 

In this case, the given circle will generally be a different one from that which forms 
the locus of the vertical angle, and in that case, the intersections, or the point of contact, 
of the two circles wiU give either two solutions or one solution of the Problem. But on 
the other hand, the given circle may coincide with the locus, and thus again render the 
Problem indeterminate in this particular case. Generally the construction is possible, 
and only accidentally it becomes indeterminate. 

The distinction between these two cases is very important. 

As Problems are generally constructed by the intersections of loci, it is easy to 
imagine cases and conditions that shall give loci which can never meet. 

For instance, in the problem just stated, the two circles may never meet 4 and in 
the preceding one, the straight line and circle may never meet. In all such cases the 
problem is impotsible with the given conditions: these conditions being incompatible 
with each other in their nature, or more frequently, in their magnitude and position, 
and with the co-existence of that which constitutes the quaesitum. The limiting cases 
of possibility belong to the doctrine of Maxima and Minima. 

The importance of the distinction alluded to, when one datum is contained in another, 
arises from its constituting the foundation of another Glass of Propositions. These are 
the Poritmt. 

Whenever the qussitum is a point, the problem on being rendered indetenninate, 
becomes a locus, whether the deficient datum be of the essential or of the accidental 
kind. When the quesitum is a straight line or a circle, (which were the only two loci 
admitted into the ancient Elementary Geometry) the problem may admit of an <un 
eidentaUy indeterminate case; but will not invariably or even very frequently do so. 
This will be the case, when the line or dide shall he so fiff arbitnuy in its position, aft 

B 
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depends upon the deficiency of a tingle condition to fix it perfectly :— that is, (for 
instance) one point in the line, or two points in the circle, may be determined from the 
given conditions, but the remaining one is indeterminate from the accidental relatioDi 
among the data of the problem. 

Determinate Problems become indeterminate by the merging of some one datum in 
the results of the remaining ones. This may arise in three dliTerent ways; first, from 
the coincidence of two points ; secondly, from that of two straight lines ; and thirdly, 
from that of two circles. These, further, are the only three ways in which this accidental 
coincidence of data can produce this indeterminateness ; that is, in other words, conrot 
the Problem into a Porism. 



GEOMETRICAL ANALYSIS. 



The term Analysis is usually understood to signify the separation of any thing 
into its constituent parts for the purpose of examining them separately ; but as employed 
in Geometry, it expresses a reversal of the order of the parts of a demonstration, or an 
examination of the conditions attached to the construction of a Problem. The term used 
in its strict etymological sense is not exactly in accordance with the use made of it in 
Geometry. Yet this is of little importance, so that its applied meaning be ckarly 
understood :.^a meaning which it is difficult to express in the same words when applied 
to the Theorem and the Problem. For the purpose of securing perspicuity, it is there- 
fore deemed the better plan, to consider it separately under the aspect it frequently 
bears in each of these applications. The very descriptive use of it given by Leslie, in 
his usually forcible antithetic manner, will in each case, be very striking : '^ AnalyiiB 
presents the medium of invention ; while Synthesis naturally directs die coune of 
instruction.*' 



THE ANALYSIS OF THEOREMS. 



It will have been remarked, that in the Elements, Euclid frequently uses the <«' 
direct method of demonstration ;— that is, of proving the truth of a theorem by demon- 
strating that a contrary conclusion is incompatible with the hypothesis of that theorem. 
To effect this, he supposes the enunciated property to be false ; and its contrary to be 
true^ He reasons from the assumed truth of this false property, till he arrives at a con- 
clusion dependent upon that assumption, which is contrary to the original hjrpotbesis; 
and thence it is infened that the assumption being incompatible in its consequences with 
the original conditions of the theorem, those conditions and that assumption camiot 
co-exist. If, then, all the alternatives of the alleged property be thus examined, sod 
thereby excluded horn compatibility with the original hypothesis, it will neeesssiily 
follow, that lIus^Hoperty itself is «nie. Thus in Euc. i. 25, where one mduded angle 
BAC is alleigad in the enundatiop to be greater than the other EDF, under the 
hypothesis of BA, AC, being respectively equal to EP, PF, but BC greater than EF: 
iasisad ef proving the aasertian itself, he admits, that in the first place the angle BAC is 
equal to the angle EBF, and in the second, that it is less. The consequences of ihese 
admissions are both shewn to be hieom|iatible with the hypothesis, and hence it is 
infeired that the angle BAC can neither be equal to EDF, nor less than Jt. Wherefore 
as these are the only alternatives to the truth of the enunciation, and both these axe 
ftlse, it follows that the alleged relation of the angles BAC, EDF is true. 
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This method of proof occurs very frequently in the first and third books of Euclid, 
and occasionally in the fifth and sixth. In the eleventh and twelfUi, it also occurs 
frequently ; and it may be remarked generally, that it occurs more often in the outset of 
the developement of a system of truths than in the more advanced parts, or in the 
more recondite theorems. 

It must naturally have occurred to Geometers, who were familiar with the use of this f 
mode of assumption, to inquire : *< What would be the effect of supposing the alleged ; 
theoiem to be true, instead of ^Edse ?'* He who first asked this question made the first 
step in the Geometrical Analysis. He would see at once that the oonduaion ought to > 
be consistent with the hypothesis, and with all previously known properties of the 
hypothetical figure. He may, indeed, find it of little convenience, often of none, in 
suggesting a direct proof of a very elementary theorem, but as he would be of course led 
to try its efficacy in more complex cases, he would be gradually impressed with the facts : 
>— that in many cases his steps were merely the reversal of the steps which he had 
employed in the hypothetic demonstration of the theorem ; and that in all cases, a 
reversal in the order of the steps of his analysis would constitute a synthetic demon- 
stration, though perhaps different from any one previously known to him. He had then 
discovered the true principle of the Geometrical Analysis of Theorems ; and it would 
require but little additional skill to reduce the whole process to a complete system. It 
is then probable that his discovery would lead to some such rules as the following :~ 

(1) Assume that the Theorem is true. 

(2) Proceed to examine any consequences that result from this admission, by the aid 
of other truths respecting the figure which have been already proved. 

(3) Kxamine whether any of these consequences be themselves such as are already 
known to be true, or to he false. 

(4) If any one of them be fiilse, we have arrived at a redueiio ad ahsurdum^ which 
proves that the theorem itself is false, as in Euc. i. 25. 

(5) If none of the consequences so deduced be known to be either true or false, 
proceed to deduce other consequences from all or any of these, as in (2). 

(6) Examine these results, and proceed as in (3) and (4) ; and if still without any 
condusive indications of the truth or falsehood of the alleged theorem, proceed still 
further, imtil such are obtained. 

In the case of the theorem being fidse, we shall ultimately arrive at some result 
contradictory either to the original hypothesis, or to some truth depending upon it. 
£uclid*s indirect demonstrations always end with a contradiction to the immediate ^ 
hypothesis ; but as the propositions to which he applies the method are so extremely . 
elementary, this could scarcdy happen otherwise, as, so far, deductions would be made 
from the hypothesis by direct steps. Where, however, we find a contradiction in our 
results to any of the consequences of the hypothesis, our condusion, that the theorem is 
false, is as legitimate as though the contradiction had immediatdy been of the hypothesis 
itself. Nevertheless, if it should be imposed as a rule, that the contradiction shall be of 
the hypothesis itself, it only requires that we reverse the hypothesis of the property 
which is so contradicted, employing the contradiction instead of the condusion of that 
property ; and we shall thus have carried back that contradictory result into direct con. 
trast with the original hypothesis. 

It may sometimes happen that our attempts thus to analyse a theorem may be 
carried on through a oinsiderable number of successive steps, and yet no conclusive 
evidence of the truth or falsehood of the alleged theorem present themselves. Nor can 
we ever judge, d priori^ whether we should succeed by continuing the process further in 
any one pitrticular direction. Under one aspect this may be considered an inconvenience ; 
but even were it a real inconvenience, it is inevitable, and must so fiu be taken as a 
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dnwback upon the Tilue of the method. The incoDTcnienee is, howeTer, mora appeic&t 

than real ; or, at leaat, the inconTenience is amply compensated by the advantages it 

otherwise eonfers, not indeed in refcKnce to the demonstration of the proposed theoran, 

but in its extension of geometrical discoTery. A mistake might occur in the syathdie 

deduction of a proposed theorem, or the theorem might be a mistakm inference turn 

analogy, or from the bontemphttion of carefully drawn diagrams ; but it does not often 

happen that a theorem is proposed for solution, of the truth of which the proposer bii 

not satisfied himself. The probabilities then are greatly in favour of audi propositiflD 

being correct. Now in this case, all the investigations which have been made with s 

view to the anaiysit of that theorem will become so many tynihetie denumttratUmt of die 

results which have been obtained during those unsuccessful attempts to analyse. It 

will in general be found, too, that they are of such a character as it would scsiedy have 

\ occurred to any Geometer to adopt with pure reference to synthetic purposes. There 

I can, in fact, be little doubt that the greater part of the most profound and original 

, theorems that are found in the writings of the greatest Qeometen of ancient and of 

modem times, have originated in attempts to analyse some proposed theocem ^ and which 

' have failed merely from the direction which was pursued, lying in that of the more 

; TCGondite instead of the more simple order of truths connected with the proposed one. 

, Such failures should therefore be always carefully preserved, till the proposition itsdf, 

i from which they were deduced, be proved either to be true or false. 

Should the course of analysing pursued in the first instance not promise to succeed, 
by the conclusions becoming more and more elementary in their character, some other 
properties of the figure connected with the assumed truth should be tried in the ssme 
manner ; and if this should also fail to accomplish the immediate object, the investigatiooi 
should be pursued as before. 

It has occasionally, though extremely seldom, happened that several such attempts 
have failed in succession. Yet some mode of deduction miui neeetaarUy become a true 
analysis of the theorem ; and this will always result from adequate perseverance in these 
attempts. All the results obtained in the preceding e!Eat\» to anal3rse the theorem, will 
then constitute a circle of truths, connected with each other by the medium of that one 
ftom which they all, as it were, radiate ; and often among tru^s so related, a general 
principle may be detected, that shall prove of the utmost value in the treatment of entire 
classes of propositions that now stand in an uninteresting state of isolation f^om each 
ether. Moreover, by systematizing the propositions of Geometry, we simplify their 
didactic developement ; and by contemplating such attempted analyses of single theorems, 
if taken in connexion with each other, very great benefits may be conferred upon Geo- 
metrical Science and its practical applications. 

There U not the tlighiett difference between analyHt and iynthetity a* far a* the course 
^consecutive deduction is concerned. Both are direct aj^lications of the ordinary enthy- 
memo ; and both require the same specific habits of mind, and the same resources ss 
Hoards truths already known. The only difference conrists, as far as mere^jeasoning is 
concerned, in the difierenee of the starting points of the investigation. In Synfitiesis we 
start from the enunciated property as a truth temporarily admitted; and ultimately 
arrive at some property which we previously knew to be true of the hypothetical figure. 
We have only to reverse the order of the Syllogisms, and of the subject and predicate in 
each of them, to convert the analysis into the synthesis in one case, or the synthesis into 
the analysis in the other. They are so connected, in fact, that had the hypothesis of the 
proposed theorem been already proved by one {Hrocess, the analysis of which we have 
spoken, would have become the synthesis of the other property. 

It must now be obvious that the synthesis of the theorem can be at once formed from 
the analysis, by the reversal of the steps already described^ that the analysis may, if 
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detivable, be altogether suppietsed. On the other hand, for all the porpoaea of giTmg 
full and legitunate conviction of the truth of a theorem, the analyaii ia alwajra inffieient, 
without adding the syntheaia. It ia, however, desirable, in a course of Geometrieal atudy, 
to complete the formal draft of the investigation both in the analytic and syntfaetlo fonn. 



THE ANALYSIS OF PROBLEMS. 



Ik every Geometrical operation we perform in the construction of a Problem, we have 
in mind some precedent reason, — a knowledge of some properties of the figure, either 
axiomatic or not, which would result from that operation, and a preception of its ten- 
dency towards aooompliahing the object proposed in the Problem. Our processes for 
construction are founded on our knowledge of the properties of the figure, ntppoted to 
exist already, subjected to the conditions which are enunciated in the Proposition itself. 
No Problem could be constructed (except by mere trials, and verified by mere instru- 
mental experiments) antecedently to the admission of our knowledge of some properties 
of the figure whidi it is proposed to construct. The simple reason for the operations 
employed, is, that they collectively and ultimately fnlfil the prescribed conditions ; and 
their so fulfilling the conditicms, is only known by previously reasoning upon the figure 
supposed already to be so constructed as to embody those conditions. Let any Problem 
be selected firom Euclid, and at each step of die operation, let the question be asked, 
*^ Why that step is taken ?*' It will in all cases be found that it is hecaute of some 
known property of the figure required, either in its complete or intermediate states, of 
whidi the inventor of the construction must have been in possession. This antecedency 
of Theorema to all Geometrical construction in Scientific Geometry ia umversal and 
essential to ita nature. 

^ Let the construction, of Enc. rv, 10 be taken in fliustration of what has been stated. 
There are five operationa specified in the eonatraction :— 

(1) Take any Ihie AB. 

(2) Divide that line in C, so that, &c. 

(3) Beseribe the dide BDE with eentie A and radius AB. 

(4) PUce BD in that circle, equal to AC. 
(6) Join the pointa A, D. 

Why should either of these (^perationa be performed rather than my others ? And 
what due have we to enable us to foresee that the result of them will be such a triangle 
aa waa required ? The demonstnition afilxed to it by Endid, does undoubtedly prove 
that these operations must, in conjunction, produce sudi a triangle : but we axe furnished 
in the Elements with no obvious reason for the adoption of these steps, except we sup- 
pose them accidental. To suppose that all the constructionsiy even the simple ones, 
were the result of accident only, would be supposing more than could be shewn to be 
admissible. No construction of the problem could have been devised without a previous 
knowledge of some of the properties of the figure which was to be produced. In fact, in 
directing the figure to be constructed, we assume the possibility of its existence ; and we 
study the properties of such a figure on the hypothesis of its actual existence. It is this 
atudy of the properties of the figure that conttitute§ the Anaiy$i» cfihe prdbkfiu 

Let then the existence of a triangle BAD be admitted which has each of the anglea 
ABD, ADB double of the angle BAD, in order to ascertain any properties it may 
possess which would assist in the actual construction of such a triangle. 

Then, since the angle ADB is double of BAD, if we draw a line DC to bisect ADB 
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and meet AB in C, tbe ai^le ADC will be equal to CAD ; and hence (Eue. i. 6) the 
sidei AC, CD are equal to one another. 

Again, anoe we have three points A, C, D, not in the same straight line, let oi 
examine the efl^t of describing a ciide through them : that is, deseribe the ciide ACD 
about the triangle ACD (Euc. iv. 6). 

Then, since the angle ADB has been bisected by DC, and sfaioe ADB is doable of 
DAB, the angle CDB is eqiial to the angle DAC in the alternate segment of the cirde; 
the line BD therefore coincides with a tangent to the circle at D (converse of Enc 
III. 32). 

Whence it follows that the rectangle contained by AB, BC, is equal to the square of 
BD« (Euc. III. 36.) 

But the angle BCD is equal to the two interior opposite angles CAD, CDA ; or 
since these are equal to each other ; BCD is the double of CAD, that is of BAD. And 
since ABD is also double of BAD, by Uie conditions of the triangle, the angles BCD, 
CBD are equal, and BD is equal to DC, that is, to AC. 

It has been proved that the rectangle AB, BC, is equal to the square of BD ; and 
hence the point C in AB, found by tbe intersection of the bisecting line DC, is soch, 
that the rectangle AB, BC is equal to the square of AC. (Euc. ii. 11.) 

Finally, since the triangle ABD is isosceles, having each of the angles ABD, ADB 
double of the same angle, the sides AB, AD are equal, and hence the points B, D, are in 
the circumference of the circle described about A with the radius AB. And since the 
magnitude of the triangle is not specified, the line AB may be of any length whatever. 
I From this '^ Analysis of the problem,*' which obviously is nothing more than sn 
examination of the properties of such a figure supposed to exist already, it will be at 
once apparent, why those steps which are prescribed by Euclid for its construction, were 
adopted. 

The line AB is taken of any length, heeau»e the problem does not prescribe any 
specific magnitude to any of the sides of the trisngle : the circle BDE is described about 
A wi^ the distance AB, Ucaiue the triangle is to be isosceles, having AB for one ride, 
and therefore the other extremity of the base is in the circumference of that circle : the 
line AB is divided in C so that the rectangle AB, BC shall be equal to the square of 
AC, hecame the base of the triangle must be equal to the legment AC : and the line AD 
is drawn, hecaute it completes the triangle, two of whose sides AB, BD are already 
drawn. 

A careful examination of this process will point out the true character of the method 
by which the construction of all problems (except perhaps a few simple ones which 
involve but very few and very obvious steps) have been invented : although the actual 
analysis itself has been suppressed or concealed, as amongst the ancient Geometers, it 
appean to have been the general practice. 

It will be inferred at once, that the use of the Analysis in reference to the construction 
of problems, is altogether indispensable in its actual form, where the problem requires 
several steps for its construction; as it has been shewn to be virtually (though the 
operations may in certain simple problems be carried on mentally and almost un- 
suspectedly) essential to the construction of all problems whatever. 

Whenever we have reduced the construction to depend upon problons which have 
been already ccmstructed, our analysis may be terminated ; as was the case where, in the 
preceding example, we arrived at the division of the line AB in C ; this problem having 
iMenalready constructed as the eleventh of the second book. 



ON THE THEORY OF TRANSVERSALS. 



The theory of Transversals can be applied with great brevity and readiness in 
the demonstration of inverse propositaons, in which it is required to prove, that three, 
or more than three, convergent lines, under certain con^tbns, when produced, shall 
pass through the same pdnt ; or, when three, or more than three points, formed by 
the intersections of lines drawn in certain directions, are situated in the same straight 
Mne. It has appeared desirable to give in detail a few of the principal properties : at 
the same time, it may be remarked, that the theory of Transversals appears to be 
not an unsuitable transition from the Ancient to the Modem Geometry, as it involves 
only Geometrical and Algebraical considerations^ without reference to Trigonometry. 

A rectiBnear transversal is defined to be a straight line which intersects a 83rstein 
of other straight lines, (figures. Prop. I.) 

• Thus, if a straight line cba be drawn intersecting two sides AB, AC of a triangle 
ABC, in the points c, b, and meeting the third side BC produced in a ; or intersecting 
the three sides produced in a, 6, c; the line cba so drawn is called a transversal 

The transversal divides each of the sides d the triangle, or the sides produced, 
into two s^^ments which lie between the vertices of the triangle and the transversaL 

Thus Ac, cB are the segments of the side AB between the two vertices. A, B 
and the transversal cba: A6, bC the segments of AC; and Bo, aC the segments 
of BC. Also^ A6, Co, Be and bC, aB, cA are respectively the alternate segments 
of the sides made by the transversal cbtL 

Any figure formed by the nMeting of four straight lines at their extremities, is 
called a single quadrUateral : thus each of the three figures formed by the four lines 
Be, cb, 5C, CB; AC, Co, ac, cA; AB, Bo, ab, bA is called a single quad- 
rilateral, 

The confute figure formed by the production d the opposite sides d the simple 
quadrilateral to meet each other, or two adjacent sides to meet the other two sides is 
called a complete quadrikUeral, 

Thus the same complete quadrilateral is formed from each of the three simple 
Quadrilaterals; 

(1) By the production of the opposite sides Be, Cb, and BC, e 5, of the simple 
quadrilateral Be6CB to meet in the points A, a. 

(2) By the production of the two opposite sides Ae, a C of the simple quad- 
rilateral AeaCA to meet in the point B. 

(3) By the production of the two adjacent sides A&, ab of the simple quad- 
rilateral ABa6A to meet the other two adjacent sides in the points C, e. 

The six points at which every two of the four lines meet or intersect are called 
the vertices of the complete quadrilateral, and the points A, B, C, a, 6, e are the six 
vertices of the complete quadrilateral ABabA. 

The three straight lines which jdn every two opposite vertices of a complete 
quadrilateral are called its diagonals, thus the lines Aa, B6, Ce are the three 
diagonals of the complete quadrilateral ABabA. 
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Tlie fine cba was considered as a transversal intersecting the sides or the sides 
produced of the triangle ABC. 

In a similar manner AbC may be considered as a transversal intersecting the 
sides of the triangle cBa; and the alternate segments of the sides are BA, cb, aC 
and Ac,ba, CB respectively. 

Also AcB is a transversal to the triangle bCa; and aB, CA, be and BC» Xb, 
ca are respectively the alternate segments of the odes of the triangle. 

And lastly, aCB is a transversal to the triangle Abe; andiAB, ea, bC and Be, 
ab, CA are respectively the alternate segments of the ndes. 

If a straight line be drawn as a transversal intersecting the four eidea of a 
complete quadrilateral and two of its diagonals ; the three pairs of pcnnts in which it 
intersects the two diagonals^ and the alternate sides, produced if necessary^ of the 
complete quadrilateral, are called eonjugate points of the transversal, thus m^m i 
n, n'i PfP'i are the three pairs of conjugate pomts of the transversal nm, (figaxe. 
Prop. IV.) 

PROPOSITION I. 

Jf a straight Une intersect two sides AB, AC, of a triangle ABC in the 
points c, b, and the base BC produced in Ski or intersect the three sides AB, 
AC, BC produced in the points c, b, a: prove that Ab.Bc.CasaB.bC.cA. 

Conversely. Jf two points c, b ^ taken in the sides \AB, AC of a triangle 
ABC, amd a third point a in the remaining side produced ; or if the three poinis 
Cfh, B,be in the three sides produced of the triangle, such that 

Ab.Bc.Ca^aB.bC.cA: 

the points, a, b, c shaU be in the same straight line. (Geom. Ex. Theo. 161. p. 364.) 

Erst Through A the vertex of the triangle ABC, draw AD paranef to BC. 

DA b 





B C a 

— , Be flB 

Then T""°Tn' ^ ^ similar triang^ ADc, cBa; 

Ab AD 
and Qj-7r-> ^ ^ similar triangles DAb, bCa; 

, Ab.Bc aB 

wnence —r—m^TT^' 
cA.bC Ca 

And, therefore, Ad.Be.CasraB.&C.cA; 

or, the rectangular parallelopipeds contained by the alternate segments intercepted 
between the vertices of a triangle and a transversal, are equal to one another. 
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Secondly. Join cb, ba: i£ babe not in the same straight line as be, let ba' * be 
in the same straight line with it. 

Then> once cba' is a transversal to the triangle ABC, 

therefore, Ab,Bc, Ca' = a'B ,bC.cA; 

but Ab.Bc.Ca^aB,bC.cA; 

, Ca aB , Ca Ca' 

hence 7r"/="7D 5 and "^-"^^ 
Ca aB aB aB 

therefore — 5-= -th ; and aB = a'B ; 
ai5 a 15 

or the point a* coincides with the point a; and therefore the three points c, 5, a are 
in the same straight line. 

Cor. 1. The expression A6.Bc.Ca = aB.6C.cA, may be put mider the 
following form, which perhaps will be found the most convenient in practice, as it 
connects together the ratio of the segments of each side, 

A^ Ca Bo 
AC'aB'cA" ' 
and this form of the expression may be interpreted to mean, in the language of pure 
Geometry, that the ratio compounded of the ratios of the segments of the three sides 
of the triangle taken in order, is a ratio of equality. 

Or, in the language of Algebraical ratio ; that the product of the ratios of the 
segments of each of the three sides taken in order, is equal to unity. 

If, however, this form be objected to, as not being strictly Geometrical ; as well 
as the preceding one, as involving the conception of a solid, and which ought not to 
be admitted into considerations on plane Geometry : the expression itself may be 
retained in the form in which it was deduced from the two proportions, 

,, A*. Be aB 
*^^' ifAT^^TTa' 
which may be exhibited under the three following forms: 

aB : Ca :: Ab,Bc : cA.bC 
or bA : Cb :: Ba.Ac : aC.cB 
or cB : Ac :: Ba.Cb : aCbA 

and expressed in the following terms: 

If a transversal be drawn to any triangle, the segments of any one side between 
the transversal and two vertices of the triangle, are to each other as the ratio com- 
pounded of the ratios of the alternate segments of the other two sides : or, as the 
rectangles contained by the alternate segments of the other two sides. 

Cob. 2. If, in the same way as the line acb was considered as a transversal 
to the triangle ABC, the lines AC, AB, BC be considered as transversals to the 
triangles cBa, bCa, Acb, respectively; the four following results are obtained: 

Ab Ca Be BC ab cA 

6C'^"^" '^ -^ CibcAB"^''^^^'^ 

aB CA &£ .-^ AB ca JC ,., 

BCA6ca'^' ^^"-^ Be aft'CA"** ^^^'^ 
These four results are not independent of each other, but any one of the four 
may be deduced from the remaining three. 

* ba' is not drawn in the diagram. 

c 
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Cor. 3. Again, if every two of the three independent results be combined, three 
other expressions, each consisting of eight segments, are obtained, which will express 
the relations which subsist between the four lines that fonn the complete quadrilateral, 
and their eight segments. 

Thus, from I. and IL, is deduced . '.^ = ^ . ' . ; 

cb.bC Ab.ba 

- - , --. BA.Aft CA.Ac 

from I. and IV., -^ r= 7^ » 

Ba.ao Ca.ac 



from I. and III., 



3c. cb Ac.ca 



BC.C6~AC.Ca' 

Cor. 4. From the general expression (I) of the product of the ratios of the seg- 
ments, let the consequences be deduced ; first, when the transversal is parallel to any 
one of the sides of the triangle : and secondly, when the transversal passes through 
the vertex A of the triangle, and meets the base or the base produced in the point a. 

Cor. 5. If BCa be considered as a transversal to the three straight lines AB, 
AC, A a, which are drawn through the same point A; then drawing AD perpen- 
dicular to a By the follo^^ng property may be proved: 

BC.Cfl'+Ca.BA*=AC».Ba+BC.Ca.oB. 

(See Geom. Ex. Theo. 41, p. 355). 

Cor. 6. Ascertain whether this theorem holds good when the point A is sup- 
posed to fall any where in the transversal BCa. 



PROPOSITION II. 

If three straight lines be drawn from the angles qf a triangle through any 
point O within the triangle, and be produced to meet the opposite sides in a, b, 
c: prove that Ac.Ba.Cb = cB.aC,bA. 

Conversely, If three straight lines be drawn from the angles of a triangle ABC 
to meet the opposite sides in the points a, b, c, «o that Ac . Ba . C6 = cB . a C . 6A : 
then the three straight lines so drawn ihaU pass through the same point. (Geom. 
Ex. Theo. 160, p. 364.) 

First. Through the vertex A draw EAF parallel to BC, and meeting B6, Cc 
produced, in F, £ respectively. 




AE AO 

Then — rt = 7r"> ^7 ^^ sLTiilar triangles EAO, OaC; 
a\j yja ° ' 

AF 

= rr-, by the similar triangles AFO, OaBj 
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„ Ba AF 

Gb BC 
Af(am, TT-j^f by the similar triangles A6F, CbB; 

also, '^-Dp> by the similar triangles Ae£> BcC; 

, Ac Ba Cb , 

CD flC 6A , 
or Ac.Ba.C6 = cB.flC.&A. 

Secondly. Let Aa, B 6 intersect each other in the point O ; and let c be such a 
point in AB, that Ac.Ba.C& = cB.aC. 6A. 

Join CO, then CO produced^ passes through the point e. 

If CO produced do not pass through the pomt c, let it pass through c' *, some 
other point in AB. 

Since O is a point within the triangle, and Aa, Bb, Cc, are drawn through it, 
and meet the sides of the triangle in a, b, c ; therefore 

Ac'.Ba.C6 = c'B.aC.ftA, 

But A.e.Ba.Cb=icB.aC,bA, by hypothesis; 

. . AC cB , Ac Ac 
therefore ^r— = "d'» ^nd -r^-—^; 
Ac cB cB cB 

AB AB , ^ ^ 
whence -rii = -rr* and c'B = cB ; 

CD CD 

or, the point C coincides with the point c, and therefore COc coincides with COc, 
and the three lines A a, B6, Cc^ pass through the same point O. 

This Proposition is also true when the point O is outside the triangle and on 
either side of the base BC ; also the expression Ac.Ba.C6 = cB.aC. 6 A may be 
put under the forms : 

Ac : cB :: aCbA : Ba.Cb; 

Ca : flB :: cA.&C : BcAb; 

Cb : bA :: cB.aC : Ac.Ba; 

and expressed in the following terms: 

If three straight lines be drawn from the angles of a triangle through any point 
to meet the opposite sides, or the opposite sides produced; the sc^gments of each side 
are in the same ratio, as the ratio compounded of the ratios of the alternate segments 
of the other two sides. 

CoR. 1. The following relations may also be shewn to exist between the six lines 
and their twelve segments. 

(1) When AO a is taken as a transversal to the triangles BC c, CB b, 

Ba CA 60^ Ba CO cA^ 

aC'Ab'OB ' aCOc'AB"^* 

(2) When BOb is taken as a transversal to the triangles ACc, CAo, 

CO cB A6 Cb AO oB 

Oc'BA*^»C~ ' AAOa'BC"" 

* Oc' is not drawn in the diagram^ 
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(3) WhenCOcis taken as a transversal to the triangles AB&> BAa, 

BcACi&O Ac BC gO 

cAC6 0B~ ' cBCaOA" 

(4) When AcB is taken as a transversal to the triangles COa, COb, 

Cc OA ^ Cc OB ftA 

CO* Aa'BC" ' cO' B6 ' AC" 

(5) When AbC is taken as a transversal to the triangles BOa, BOc, 

m OA flC B6 OC CA 

bO' Aa'CB~^' bO'Cc'AB 

(6) When B aC is taken as a transvenal to the triangles AOb, AOc, 

Afl OB bC Aa OC cB 

aO'Bb'CA ' flUCc'BA" 
These twelve relations are deduced whto the point O is conmdered to be Trithin 
the triangle; they are also true when the point O is outside the triangle and on 
either side of the base. 

It is also worth while to ascertain how many of these properties form independent 
conditions of relation betwe^i the lines and their segments. 

Cob. 2. In a similar manner, if the three diagonals of any complete quadrilateral 
be drawn, it will be found that the figure contains thirty-three simple quadrilatendsy 
and forty-four relations may be deduced from them by means of Prop. I. and 11. 

Con. 3. By combining the relation proved in Pk'op. II. with the second, third, 
and sixth in Cor. 1 : the following relation between the sides of the triangle, the 
transversals, and thdr segments is deduced 

AO BO CO^AB BC CA 
Ofl Ob'Oc Ab'Bc'Ca' 



PROPOSITION III. 

Jff through a given point within a triangle lines are dravm from the angles to 
the opposite sides, and the points of section be joined, the first three lines wiU be 
harmonically divided. (Geom. Ex. Theo. 72, p. 357.) 

Let Aa, B&, Cc be drawn through any point O within the triangle ABC meet- 
ing the opposite sides in a, b, c. 

Draw ab,bc,ca, intersecting Cc, Aa,Bb, in c, a', V, respectively. 

Then the lines Aa, Bft, Cc, are each divided harmonically. 
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From the point b, three straight Bnes bA, be,bO,«n drawn to the angles of the 
triangle A 60; 

*^«^°" B7-C0 VA ==^' ^y ^^- ^^ 

, AB cC Oa , 
"*^B^CO'^ = ^' 

for BaC is a transversal to the triangle AcO; 

„ Oa Oa' 
Hence — ? =-7-r 9 
aA aA 

, Aa Aa' Aa-aa* 
^^ OS=aS:' = aa'-Oa* 

or Aa : Oa :: Aa-aa' : aa'-Oa; 

wherefore Aa, aa', Oa are in hannonical proportion; or the Ime A a is divided 
harmonically in the points a, O. 

In a similar way, it may be shewn that Bb, bb', Ob\ are in harmonical pro- 
portion; as also Cc, cc\ Oc. 

Cor. 1. If the lines ab, be, ca be produced to meet the three mdes of the 
triangle produced in the points P, Q, R; the lines bT, aOi, bR, are divided harmo- 
nically in the points c, a ; b',c; a',c; respectively : as also AP, CO, OR, the sides 
produced of the triangle, in the points, c, B; b. A; a, B; respectively. 

First. From the pomt A, the straight lines Ab, AO, Ac are drawn to b, O, c, 
the angular points of the triangle bcO, and these lines cut the side 5c in a' and meet 
the other sides bO, cO produced in B, C; 

therefore -r-. 7^7: . irr = 1> ^7 Prop. II. 
ac CO B5 "^ '^ 

And the transversal RC intersects the sides produced of the same triangle &cO ; 

♦i,™r ^R cC OB , , T, , 

**^^"^R^C0-S6-=^'^y^™P-^- 

„ 6R 6a' ^ 6R"Ra 
Hence ^-^ R^^lR^' 

or &R, Ra', Re are in hannonical proportion. • 

Similarly, it may be shewn that "Pb is divided harmonically in a, c' ; as also Qa 
in c, b\ 

Secondly. Since g.^.^=l, by Prop. II, 

, A6 Co BP , V n-. T 

For the transversal Pa 6 intersects the triangle ABC. 

BP Be 



Hence 
and 



PA"*cA' 
AP cA PA-Pc 



PB*Bc Pc-PB' 

or AP, Po, PB are in harmonical proportion, and the line PA is divided harmonically 
inc^B. 
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In a Bimilar way» it may be shewn, that CO, and CR» are hannonicaUy divided in 
(^ A ; a, B, respectively. 

Cor. 2. Since the Hnes Aa'Oa, ba'cR, CaBR; Bd'O^ ab'cQ, CbAQ; 
Cc'Oc, bc'aV, AcBP; are the diagonals produced of the three complete quadri- 
laterals BACOB, ABCOA, ACBOA, respectively : the results of Prop. III. and 
Cor. 1. may be generally expressed in the following terms: 

If the three diagonals of a complete quadrilateral be drawn and be produced to 
meet one another ; each of the diagonals is divided harmonically by the other two. 

CoR. 3. The three points P, Q, R, are in the same straight line. 

For considering Vab,Q,ca,Rcb,aa transversals to the triangle ABC, by Prop. I. 

we obtain ; 

AP Ba C6 AP A6 Ca 

PBaC'6A"^' °' PB"6C'^' 

CQ Ac Bfl CQ Cfl Be 

QAcBaC"^' ^ QA'aB'^' 

BR C6 Ac BR-lf ^ 

^ RCAAcB" ' °' RC""cA*6C* 

AP BR CQ /Cfl Bo Aby 
Hence pg ' RC * QA ' Ub * cA' 6C/ ' 

-, ^ Ca Be Aft , -j^ 

^^^^•^•6C=^'^y^P"- 

therefore pg.^.gj = l; 

which is the condition fulfilled when a straight line is drawn intersecting the three 
sides of a triangle, AB, CA, CB produced, in the points P, Q, R. 
Hence the three points P, Q, R, are in the same straight line. 

CoR. 4. The lines Aa, B6, Cc may be considered as transversals to the triangle 
abe, and a similar series of relations may be deduced, as in Prop. IL 



PROPOSITION IV, 

J[ftkrt9 Hnes he drawn/wm the angies A, B, C of a triaiu^ thrtnigh any point 
O to meH tkfi opposite M$9 in the points a, b, c ; and if a transversal be drawn 
interseeHng lAase Hnes in m\ n', p', and the sides qfthe triangley produced ifneces^ 
sary, in the points m, n, p : then the three Jblhwing relations eJtiH between the parts 
into wfttoft the transversal is divided^ 

MO m*» »»* iii'ii* , -,^ nm' n'p nm «V , ^^ 
pm »m pm nm tw » pm mm pm 

pm pm pn p m 
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First, the triangle a mm' is intersected by the transversals AB, B6, 

n 




^- . m'A oB mp , mB aO m'n' 

therefore -j— .^ — . ^^=1; -Tr~-/T-"-'— =!• 
Aa Bm pm Ba Om nm 

Agaio^ the same triangle is intersected by the transversals AC, Qc, 

^, - m'n mC aA , m'O aC mp' , 

therefore . -p^— ,-^— ,= 1 ; -p^- .y:^— .-^ = 1, 

nm Ca Am Oa Cm pm 

1 • J J J *wp m'n mp' m'n* , 

whence is deduced — - . . —^ . — ; — = 1. 

pm' nm p m' n m 

Secondly. In a similar way since the triangle nnb is intersected by the trans- 
versals BA, Aa; and by BC, Cc; four relations arise^ from which may be deduced- 

nm' n'p nm n'p' _ 
m'n" pn' mn' ' pn^ 

Thirdly. The triangle pp'c is intersected by the transversal CA, Aa; and by 
CB^ Bb ; other four relations are found from which there results 



-/„' 



mp np mp np _ 
pn p m pn p m 

Cob. From these three relations, each involving eight of the segments of the 
transversal, a relation may be found which involves only six segments ; multiplying 
these results together, is deduced 

mp' nm' pn* 



/ • / 



p n mp nm 

Three other forms may be deduced from the same three expressions, (I.) by 
multiplying (1) and (2) together and dividing by (3) ; (II.) by multiplying (1) and (3) 
together and dividmg by (2); (III.) by multiplying (2) and (3) together and dividing 
by (1). 



PROPOSITION V. 

If any polygon he intersected by a transversal, the segments of the sides have to 
each other a relation similar to that of the segments of the sides of a triangle. 

Let ABCD be a polygon of four sides, and let its oppoate sides AB, CD be 
mtersected in &, c by a transversal which meets AD, CB produced in rf, &, 
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Join AC interaectiDg the tiansreraal db in O. 

Then the tnmsvereal (IcO intersects the triangle ACD, 

*i..«^ Ad Dc CO , r. T 
therefore ^.^.g^=l. Prop. I. 

And the transversal baO intersects the triangle ABC, 

^, . Aa B6 CO , ^ _ 
*''^°"' ^•6COA=*- ^^•'• 

---, Afl Bb Ce Bd , 

VVnence -D»r?T'~i^«TT = l> 
aB bC cD dA 

or, the ratio compounded of the ratios of the segments of the four sides of the 
polygon taken in order, is a ratio of equality. 

This result may also he expressed thus 

Aa.Bb.Cc.Dd^aB.bC.cD.dA, 

or it may be exhibited in the form of a proportion^ for instance 

Ao.Cc 6C.dA 
«B.cD"6B.dD* 

The transversal bOacd was supposed in the preceding result to intersect AB, 
CD, two opposite sides of the polygon; the same property is also true when the 
transversal intersects two adjacent sides, or the /our sides produced. 

Let ABCDE be a polygon of five sides, and let AE, CD, any two sides of it, be 
intersected by a transversal in the points e, c: let BA^ BC, D£ produced, meet the 
transversal in a^b, d, respectively. Draw the diagonals EB, EC intersecting the 
transversal in m, »» 




then — tt-— r--5«l> for mca intersects the triangle ABE, 
mB oA eE 



ON THB THEORY OF TRANSVERfiALfi. 25 

Bm E» C6 _ 1. • . . T>r«i7 
— i^r. — 77»T^ — ij ^co intersects dkjLj, 
m£ nC oB 

Cn Ei Dc , , . ^ ^ ^_„ 

~TO' jiT-— ??=!> <?»» intersects CD£. 
n£ dD eC 

•-^ Ba Ac Erf Dc C6 . 

^*^^®IS-^"5d*^-6B"^' 

or, as before, tbe ratio compounded of the ratios of the segments of the sides of the 
figure sEucoessiyely taken in order is a ratio of equality. 

In a similar manner, for any polygon ABCDEF of six sides, when intersected 
by a transversal, adopting the same notation as for the polygon of five sides, it may 
be proved, that 

Ba V Ff Erf Dc Cb 

aA'fF'eE'dD'eC'bB^ ' 

or the ratio compounded of the ratios of the segments of the six sides taken in order 
is a ratio of equality. 

And similarly for any polygon whatever, whether the transversal intersect two of 
the ddes of the polygon or only the sides produced. 

CoR. If the hexagon be inscriptible in a circle, then the three points of inter- 
sections of the alternate sides produced, are in the same straight line* 



Gamot was the first who systematically pointed out the importance of the relations 
t}f position in Geometrical figures. This he exhibited in a tract entitled '* De la 
Correlation des figures de G^om^trie^ published in 1801. His greater work on the 
subject appeared in 1803, under the title of ** G^omStrie de Position,'* and three years 
afterwards, in 1806, his tract " Sur la Tk^orie des Transversales," The subject has 
been both extended and simplified by subsequent writers ; among whom may be 
named G. J* Brianchon, who published, in 1818, his ** Application de la TMorie des 
Transverscdes.'* Many interesting properties of Transversals will be found in the 
notes of M. Chasles's "Aper^u Historique des Methodes en GiomStrie'' The only 
EngHsh work in which the subject is systematically treated, is the last edition of 
Hutton's Course of Mathematics, in which the theory is applied both to Elementary 
Geometry, and to properties of the Conic Sections. 



D 
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HINTS, &c. TO THE PROBLEMS. BOOK I- 

2. There is another method whereby a line may be divided into three equal 
parts :— by drawing from one extremity of the given line, another making any acute 
angle with it, and taking three equal distances from the extremity, then j<»mng the 
extremities, and through the other two points of division, drawing Iums parallel 
to thia line through the other two points of division, and to the given line ; the three 
triangles thus formed are equal in all respects. This may be extended for any number 
ofpetfts. 

5. This is a particular case of Euc. i. 22. 

6. The same remark applies. 

7- Let A be the given pomt without the line, and B the given point in the line. 
Suppose D the point required in the line. If AB and AD be j(nned, DAB is an 
isosceles triangle : draw DE perpendicular to AB, and the construction is obvious. 

8. This may be effected m two wavs, (1) by Euc. i. 9, 10, when the two lines 
meet ; (2) when the lines are produced oevond tne point of intersection, by Euc. i. 9, 
31. It may be remarked also, that the line drawn through the given point makes 
equal angl^ with the two given lines, Euc. i. 5. 

9. Suppose the two lines CB, DB to meet in B, and that EAF drawn through 
the given pomt A, is bisected in that point. Through A, draw AG parallel to BC, 
and through 6, GH parallel to EF. Then EAGH is a pani]lek)gram^ and BG is 
equal to GF . Hence the synthesis. 

10. Apply Euc. 1. 1, 9. 

11. The angle to be trisected is one-fourth of a right angle. If an equilateral 
triangle be described on one of the ddes of the triangle which contains the given 
angle, and a line be drawn to bisect that angle of the equilateral triangle which is at 
the given angle, the angle contained between this line and the other side of the 
tiiangle, will be one twelfth of a right angle, or equal to one third of the given angle. 

It may be remarked, generally, that anv angle which is the hal^ fourth, dg^th^ 
&c. part of a right angle, may be trisected oy PiaDe Geometry. 

12. This may be done bv means of Euc. i. 47, taking three Unes of 3, 4, 5 uniter. 
Or, by means of ^J^^ straignt lines, figure Euc. 1. 1, if an equilateral triangle CBF 
be described on CB, and another CFG on CF, the line drawn from G to B is at 
right angles to AB. Or, take a point D in AB, draw DE equal to DC and 
inclmed to AB, C bdng the given point. Join EC, and produce it till CG be equal 
to CD; make CF equal to CE, Join FG and produce it tall GH be equal to GC. 
Then CH win be perpendicular to AB. 

13. Take any point in the given line, and ^PP]y Euc. i. 23, 31. 

14. The only distinction between this ana rrob. 8, above, is in the quaesitum. 
The quaedta in both are essentially connected. 

15. The two given points m^y be both on the same side, or one point may be 
oa each nde of the line. If the point required in the line be supposed to be found, 
and lines be drawn joimng this point and the given pcnnts, an isosceles tiiangle is 
formed, and if a perpendicular be drawn on the base from ibe point in the line: 
the construction is obvious. 

16. Thelineto which the given line is to be parallel, may pass through an angle 
of the triangle, or it may not; if it do not, draw through an angle of the triangle a 
line parallel to this line, Euc. i. 31. If a line equal to the given line be supposed 
to be drawn parallel to the line through one of^ the angles, a parallelogram may be 
formed and tne construction determined. ^ 

17. The construction of this problem may be effected from Prob. 1, p. 293. . 

18. If the point in the base be supposed to be determined, and lines drawn from 
it parallel to the sides, it will be found to be in the line which bisects the vertical 
angle of the triangle. 

19. This may be effected by Prob. 3, p. 295. 

20. The line required is obviously the diagonal joining the two obtuse angles. 

21. If AC be mwn from A one extremity of the given line AB making any 
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angle less than the given angle, and if from A, a line AD be drawn making with 
AC an angle equal to the ^ven angle, and BC, BD be drawn from B psa*a]lel to 
AD, AC respectiyeljr : — ^the parallelogram is formed with the given conditions. The 
Problem is indeterminate. 

22. K in the figure Euc. i. 1, the cirdes intersect each other in C, C', and CA, 
AC, C'B, BC be joined, ACBC is the parallelogram required. 

23. See the figure, Euc. i. 35. 

24. Construct a right-angled parallelogram by Euc. i. 44, equal to the given 
quadrilateral figure, and from one oi the angles draw a line to meet the opposite side 
and equal to the base of the rectangle, and a line from the adjacent angle parallel to 
this line will complete the rhombus. 

25. Bisect BC in D, and through the vertex A draw AE parallel to BC, with 
centre D and radius equal to half the sum oi AB, AC, describe a circle cutting AE 
in £. 

26. Make a triangle ABC equal to the given figure, by Prob. 27* Produce the . 
base BC, if necessary, making BD equal to the ffiven base. On BD make theT" ' 
triangle BD£ equal to ABC; through E draw EG parallel to BD, and upon BD, , ^^7 
descnbe a segment of a circle containing an an^Ie equal, to the given angle, Euc. in«r ; ',. 
33, and cutting EG in H ; join HB, HD. HBD is the required triangle. 

27. If the fiffure ABCD be one of four sides ; Join the opposite smgles A, C of 
the figure, tbrou^ D draw DE parallel to AC meeting BC produced in E, join AE : 
—the triangle ABE may be proved equal to the foursided figure ABCD. 

K the figure ABCDE be one of five sides, produce the base both ways, and the 
figure may be transformed into a triangle, by two constructions similar to that em- 
plo]^ed for a figure of four sides. If uie figure consist of six, seven, or any number 
of sides, the same process must be repeated. 

28. From the given pcnnt A, let fell AB on the given straight line, and upon AB 
describe an eouilateral triangle PAB. Produce AP to meet the given line in D, and 
bisect the an^le BAD by AC meeting the given line in C. On AC, BD, describe the 
equilateral triangles QAU, RAD ; if r, Q, R can be proved to be in a straight line the 
locus of the vertices of the triangles on the same side of AB will be a straight line. 

29. Let ABC, be the ffiven triangle whose base is BC. In BC, produced if neces- 
sary, take BD equal to me given base of the required isosceles triangle : on BD let 
BD be the base of the reqmred isosceles triangle. On BD let a triangle BDE be 
formed equal to ABC. If this triangle be not isosceles, an equal triangle which shall 
be isosceles, may be formed on the same base BD, Euc. i. 37. 

30. See Theorem 69, p. 304. 

31 • Let ABC be the required triangle having the right angle ABC, and such 
that the sum of AC and AB is double of BC. 

Now since AC +AB = 2BC, therefore AC-BC=:BC-AB. On AC take AD 
equal to this difference. Then AC = BC+AD, AB = BC-AD, and smce AC" 
= AB^+BC", it follows that BC* = 4BC.AD, and BC=4AD. Hence AD the 
ctifference between the hypothenuse and one side BC is known, and therefore the 
hypothenuse AC='5AD. Hence the construction of the triangle depends on the 
division of the hypothenuse into five equal parts. See the remark on Prob. 2. 

32. Let the two given lines meet m A, and let B be the given point. 

If BC, BD be supposed to be drawn making equal angles with AC, AD and 
DC be joined, BCD is the triangle required, and the figure ACBD may be shewn 
to be a parallelogram. Whence the construction. 

33. This is a particular case of Prob. 7&, p. 351. 

34. This problem cannot be solved without proportion. 

35. This IS a case of the more general problem : — ^To divide a triangle into two 
parts, having a g^en ratio to one another by a line parallel to any line given in 
position. See note on Prob. 76, p. 351. 

36. Let D be the required point within the triangle ABC, such that the lines 
AD, BD, CD trisect the triangle. If these lines be pr(3uced to meet the sides of the 
triangle in E, F, G, it may be shewn that the sides are bisected in these points. 

37. It is proved, Euclid i. 34, that each of the diagonals of a parallelogram 
bisects the figure, and it may easily be shewn that they also bisect each other. It ]|s 
hence manifest that any straight line which bisects a parallelogram must pass 
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thFougli the intersectioii of the diagonals. The dififerent positions of a Une throogfa 
the intersection of the diagonals will suggest the constructions in the different cases. 

38. (1) Reduce the trapezium ABCD to a triangle BA£ by Prob. 27, and 
bisect the triangle BAE bv a line AF from the vertex. K F Ms without BC, 
through F draw FG parallel to AC or D£, and join AG. 

Or thus. Draw 4e diagonals AC, BD ; bisect BD in E, and join AE, EC. 
Draw FEG parallel to AC tne other diagonal^ meetmg AD in F, and DC in ^G. 
AG being jomed bisects the trapezium. 

(2) Let E be the g^ven point in the side AD. Join EB. Bisect the quad ri lateral 
EBCD bv EF. Make the triangle EFG equal to the triangle EBA, on that side of 
EF on which the greater part of ABCE lies. Bisect the triangle EFG hj EH. 
EH bisects the figure. 

39. (1) DF bisects the triangle ABC (fig. Prob. 3, p. 295). On each side of 
the point F in the Ime BC, take FG, ¥H, each equal to one third of BF, the Jines 
DG, DH shall trisect the triangle. Or, 

t Let ABC be any triangle, D the ^ven point in BC. Trisect BC in E, F. Join 
, AD, and draw EG, FH parallel to AD. Join DG, DH: these lines trisect the 
t triangle. Draw AE, AF and the proof is manifest. 

(2) Let ABC be any triangle ; trisect the base BC in D, E, and join AD, AE. 
From D, E, draw DP, EP parcel to AB, AC and meeting in P. Jdn AP, BP, 
CP; these three lines trisect the triangle^ 

(3) Let P be the given point within the triangle ABC. Trisect the base BC in 
D, E. From the vertex A draw AD, AE, AP. Join PD, draw AG parallel to PD 
and join PG. Then BGPA is one tlurd of the triangle, llie problem may be solved 
by trisecting either of the other two sides and making a similar construction. 

40. Trisect the side AB in E, F, and draw EG, FH parallel to AD or BC, 
meeting DC in G and H. If the given point P be in EF, the two lines drawn from 
P through the bisections of EG and FH wiQ trisect the parallelogram. If P be in 
FB, a Ime from P through the bisection of FH will cut off one third of the par- 
rallelogram, and the remaming trapezium is to be bisected by a line from Y, one of 
its angles. If P coincide witii E or F, the solution is obvious. 

41. If a line be drawn from the given point in the side of the paFallelogram 
through the intersection of the diagonals, the parallelogram is bisected; and the 

Erobl^ is reduced to the bisection of a trapezium two of whose sides are parallel, 
y a line drawn frY)m the extremity of one of the parallel sides. 

42. If a straight line be drawn from the given point through the intersection of 
the diagonals and meeting the opposite side of the square; the problem is then 
reduced to the bisection of a trapezium by a line drawn from one of its angles. 

43. If the angles at the base of the isosceles triangle be bisected, the line jcuninff^ 
the points where the bisecting lines meet the opposite sides of the triangle, will cat on 
the trapezium required. 

44. The base may be divided into nine equal parts, and lines may be drawn 
from the vertex to the points of division. Or, the sides of the triangle may be 
trisected, and the points of trisection pined. 

45. (1) By supposing the point F found in the side AB of the parallelogram 
ABCD, such that the angle contained by AP, PC may be bisected by the line FD ; 
CP may be proved equal to CD ; hence the solution is obvious. 

(2) By supposing the point P found'in the side AB produced, so that PD may 
bisect the angle contained by ABP and PC ; it may be shewn that the side AJB 
must be produced, so that BF is equal to BD. 

46. Produce one side of the square till it become equal to the diagonal, the line 
drawn frx)m the extremity of this produced side and parallel to the a^acent side of 
the square, and meeting the diagonal produced, determines the point required 

47. It is sufficient to suggest, that triangles on equal bases, and of equal 
altitudes, are equal. 

48. Let ABC be the reauired triangle having the angle ACB a right angle. In 
BC produced, take CE equal to AC, and with centre B and radius BA describe a 
drcular arc cutting CE in D, and join AD. Hien DE is the difference between the 
sum of the two sides AC, CB and the hypothenuse AB ; also one side AC the per- 
pendicular is given. Hence the construction. On any line EB take EC equal to 
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the given side, ED equal to the ^ven difference. At C, draw CA perpendicular to 
CB, and equal to EC, join AD^ at A in AD make the angle DAB equal to ADB, 
and let AB meet EB in B. Then ABC is the triangle required. 

49. Let AD be the sum of the base and hypothenuse, AB the sum of the base 
and perpendicular (figure, Euc. ii. 10). At D draw a line perpendicular to AD, and 
through B draw EBG making with AB an angle ABE equal to half a right angle, 
and meeting the perpendicular to AD in G. Join AG and qibw BH equal to BD and 
meeting AG in H. From A draw AE parallel to HB meeting EBG in E ; draw 
£F pandlel to AD meeting the perpendicular at D in F ; and lastly, draw EC per- 
pendicular to AD. Then the triangle AEC is the triangle required. 

The proof of this problem involves the consideration of similar triangles; it 
should have been placed among the Problems to Book vi. 

50. Draw two straight lines making an angle A equal to the given angle, and 
on one of them take a part AD equal to half the sum of the sides ; bisect the angle 
A; then the problem is reduced to constructing a right-angled triangle, having given 
the sum of the base and the hypothenuse, and the angle contained between the 
perpendicular and the hypothenuse. Suppose the thing done, and that EF is the 
position of the base, join DF, and draw DG parallel to EF, the angle EDG is 
bisected bv DF. 

51. -On the line which is equal to the perimeter of the required triangle describe 
a triangle havingits angles equal to the given angles. Then the rest of the process 
is suggested bv rrob. 2, p. 221. 

52. Let ABC (fig. to Euc. i. 20) be the required triangle, having the base CB 
equal to the given base, the angle ABC equal to the given angle, ana the two sides 
BA, AC together equal to the given line BD. Join DC, then since AD is equal to 
AC, the triangle ACD is isosceles, and therefore the angle ADC is equal to the 
angle ACD. Hence the construction of the triangle. 

53. Let ABC be the required triangle (fig. to Euc. i. 18), having the angle 
ACB equal to the ^ven angle, and the base BC equal to the given line, also CD 
equal to the difference of the two sides AB, AC. If BD be joined, then ABD is an 
isosceles triangle. Hence the sjmthesis. Does this construction hold good in all cases t 

54. Let ABC be the required triangle, (fig. Euc. i. 18,) of which the side BC is 

SVen and the angle BAC, also CD the difference between the sides AB, AC. Jom 
D ; then AB is equal to AD, because CD is their difference, and the triangle ABD 
is isosceles, whence the angle ABD is equal to the angle ADB ; and since twice the 
angle ABD and BAD are equal to two right angles, it follows that ABD is half the 
supplement of the given angle BAC. Hence the construction of the triangle. 

55. Let AB oe the given base, at B draw BE at right angles to AB, with 
centre A and radius eqaal to the sum of the two remaining sides describe a circle 
cutting BE in E, and join AE. On BE take BF equal to the given altitude, and 
through F draw FC parallel to AB and meeting AE in C : join CB, then ACB 
ia the triangle required. 

56. Let CD be the mven difference of the sides AB, AC (figure, Euc. i. 18), 
and BC thejgiven base. Let ABC be the trian^e required ; at B draw BF perpen- 
dicular to Bu, through A draw AEparaUel to BC meeting BF in £, and produce 
CA to meet BF in F. Join BD. Inen AD, AB, AF are equal to one another, and 
the triangle may be constructed on the base BC with altitude BE, and having the 
difference of the sides equal to CD. For the point D is determined by two cirdes 
which touch one another, one described with centre C and radius CD, and the otiier 
described passing through the points F, B, and touching the circle whose radius is 
CD in D. This problem requires the principles of Euc. m. for its construction. 

57. Let ABC be the triangle, at C draw CD perpendicular to CB and equal to 
the sum of the required lines, through D draw DE parallel to CB meeting Av in E, 
and draw EF parallel to DC, meeting BC in F. Then EF is equal toDC. Next 
produce CB, making CG equal to CE, and join EG cutting AB in H. From H 
draw HK perpendicular to EAC, and HL perpendicular to BC. Then HK and 
HL together are equal to DC. The proof depends on Theorem 66, p. 303. 

58. Let ABC, EBC, DBC (DB being jomed) be three equal triangles on the 
same base BC and on the same side of it (fig. Euc. i. 41). Join AD, DE. Then 
AD is parallel to BC, and DE is parallel to BC. 
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59. Hie diameters of a square bisect one another at light angles. 
' 60. This may be exhibited in different ways : one of the most simple^ however, 
is the following. In the figure, Euc. u. 4. On D£, EB, take DE, EM, each equal 
to BC. Join CM and LM cutting GK in R and GF m Q; also job CH, HL, and 
draw MP parallel to BA, meeting GF in P. Then the square on CH is eoual to 
the squares on HG, GC. The square on CG is divided mto twoparts by tne line 
CR; and the souare on HG into three parts by HL and LQ. Tne parts of the 
two squares HF, CK may be so arranged as to cover exactly the square CL. 

61. Draw two indefimte lines AM, AN at right angles to each other. On AM 
take AB equal to the side of one of the given squares, and on AN take AC equal to 
&e side of the second s^quare, join BC, then the square on BC is equal to the squares 
on AB and AC. Again, on AM take AD equal to BC, and on AN take AE equal 
to the side of the t&d square ; join DE» and the square on DE is equal to the 
three squares on AB, AC, AE. 

62« The square described upon the diagonal of a square being equal to double 
the given square ; a square may oe described 8 times or n times any given square, 
where n is any power of the number 2. 

63. This IS an Al^braical Problem ;•— to find two rational numbers, the difier- 
ence of whose squares is a given rational number. 

Let the given base of the triangle contain (a) units, and if x, y, denote the bypo- 
ihenuse and perpendicular ; then a^ = ar^ -y^ = (jb +y) (x - y). 

Assume x+y-na, and x-y^-ai 

n 

, (»»+!).« J (»«-l).a 

whence x = — , and y - - — —^ — . 

2n * ^ 2» 

If a s 2n, then 2n, n^+ 1, n^- 1, are the three sides of the triangle, where » is 
imy integer greater than unity. 

64. This problem is the same as to construct a right-angled triangle, having 
given the hypothenuse and one side. 

65. If x, y denote the base and perpendicular of the triangle, these values vnll 
be found to be 4 and 3 from the equations x—y^l, and a?'+y' = 25. 

If a Geometrical Analysis be reqvured. Let ABC be (fig. Euc. 1. 18) the triangle 
reouired having the right angle at A, BC the given hypothenuse, and CD the given 
difference between the base AC and the perpendicular AB. Join BD, then BAD is 
an isoscdes right-angled triangle. Since the angle ADB is half a right angle, and 
tite two sides DC, CB are given, the point B can be found. Hence the synt&esis. 

66. See Theorem 70, p. 304. 

67. First, let a parallelogram be formed on one side of the square, and having 
two of its sides of the required length; next, let a rhombus be formed on one of the 
sides of the required length. Euc. i. 35. 
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2. Apply Euc. i. 6, 8. 

3. This is proved by Euc. i. 32, 13, 5. 

4. Let CAB be the triande (fig, Euc. i. 10) CD the line bisecting the angle 
ACD and the base AB. Produce CD, and make DE equal to CD, and join A£. 
Thgsn CB may be proved equal to AE, also AE to AC. 

^ 5. Construct the figure and apply Euc. i. 5, 32, 15. 

If the isosceles triangle have its vertical angle less than two thirds of a right 
angle, ^e line ED produced meets AB produced towards the base and then 
3.AEF=4 right angles + AFE. If the vertical angle be greater than two thirds 
of a right angle, ED produced meets AB produced towards the vertex, then 
3 , AEF = 2 right angles + AFE. 

6. For in the figure Euc. i. 18, the two sides CB and BA are greater than 
CA, but AB is equal to AD, therefore the remainder BC is greater than DC or the 
difference between the two sides BA> AC of the triangle, is less than BC. 
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It xnajr also be proved that the sum of the three sides of the triangle are preatet i 
{han double any one of the sides, but less than the double of any two of the sides, f 

7. In die Theorem, for AC read BC. At C make the angle BCD equal to the 
angle ACB, and produce AB to meet CD in D. 

8. K the given triangle have both of the angles at the base, acute angles ; tbe 
difference of the angles at the base is at once obvious from £uc. i. 32. If one of the 

angles at the base be obtuse, does the property hold good ? ^ e^ . A ^ 

9. Let ABC be a triangle, havmg the right angle at A, and the anc^e at C ^^^ ^. .^ 
greater than the angle at B, abo let AD be perpendicmar to the base and A£ be the ^ "* ^* 
fine drawn to £ the bisection of the base. AT 1. kY . Ai; r "^ ' ^ >' i ' 

Then A£ may be proved equal to B£ or £C independently of £uc. m. 31. 

10* Let ABC be a triangb having the ansle ACB double of the angle ABC, 
and let the perpendicular AD be drawn to the base BC. Take D£ equal to DO 
and join AES. Then A£ may be proved to be equal to £B. 

If ACB be an obtuse angle, tnen AC is equal to the sum of the segments of the 
base made by the perpendicuhr from the vertex A. 

^ 11* By bisecting the hypothenuse, and drawing a line from the vertex to the 
pomt of bisection, it may be snewn that this fine forms with the shorter side uid haJf , l i, 

the hypothenuse an equilateral triangle. i>4*4 "«- • W "m '{^(KtJk i- z*^ v fiA««-4fe-.^« w^ii. n* ^ i^^'\ • 

12. Let the sides AB, AC of any triangle ABu be produced, the exterior 
angles bisected by two fines which meet in D, and let AD be joined, then AD 
bisects the angle BAC. For draw D£ perpendicular on BC, also DF, DG perpen- 
diculars on AB, AC produced, if necessary. Then DF may be proved equal to 1)6, 
and the squares of DF^ DA are equal to the sauares of FG, GA of which the square 
of FD is e<{ual to the square of DG; hence AF is equal to AG> and £uc. i. 8, the 
angle BAC is bisected by AD. 

13. Let ABC be the obtuse-angled triangle having the obtuse angle at A. Let 
the perpendiculars from D, £ the bisections of AB, AC meet in G, join G and F the 
bisection of BC. If GF be proved perpendicular to BC, the theorem is proved. 

Note. It may be more readily proved by transversals, j 

14. See Theorem 29, p. 321. 

15. Constructing the figure, then by the Method of Transversals, D, £, G may 
be shewn to be in a straight line. See Cor. 3. Prop. iii. Appendix, p. 22. 

16. Let the two sides be produced and the exterior angles of^the triangle be 
bisected : join the point in which Uie bisecting lines meet with the third interior anffle 
of the triaiuprle. If tiiis line be proved to bisect the third interior angle of the trian^e, 
the truth ofthe theorem is prov^. (Conv. of Theorem 12, supra.) 

17. This theorem is the converse of Theorem 10, supra. 

18. The trianffle ABB is proved equal to the triangle DCF, {^. 2.) In FD if 
FG be taken equalto £D, and GH be drawn parallel to DC, the triangle FGH is 
equal to the triangle whose base is D£. 

1 9. Let AD oisect the base, and A£ the vertical angle A, and meeting the base in 

the points D, £. The angle A£D mav be shewn to be greater than the angle AD£. 'c,,o ,; . . 

20. Let ABC be the triangle; AD perpendicular to BC, A£ drawn to the 
Insection of BC, and AF bisectmg the ai^^le BAC. Produce AD and make DA' 
equal to AD : join FA', £A'. 

, 2L In the figure, £uc. i. 47, FC is always equal to AD> and A£ to BK. If 
AB be eoual to AC, the truth of the proposition is manifest 

22. This theorem is misplaced, as it cannot be proved by the first book. 
First. Prove that the perpendiculars Aa, B&, Cc pass through the same point 

O, as Theo. 29, p. 321 ; or by the theory of Transversals, Prop. n. Appendix, p. 22« 
Secondly. That the triangles Ac&, Bac, Ca& are equiangular to ABC. £uc. m. 
21. Thirdly. That the angles of the triangle a 6 c are bisected by the perpendiculars ; 
and lastly, by means of Prob. i. p. 293^ that ah + hc+ca is a minimum. 

23. Let FC be perpendicular to AB and F£ be drawn to any other point £ in 
AB : then FC may be proved less than F£, £uc. i. 32, 19. Let CD be taken equal 
to C£ and FD be joined, then FD is equd to F£, and no other fine can be drawn 
from F equal to F£; if possible let FA be equal to F£, which may be shewn to be 
impossible. 

24. Let a circle be described through the points A> B, C ; bisect AB in D and 
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diaw the diameter EDF ; then the line which bisects the angle C may be proved to 
pass throoffh the point F on the other side of AB. Euc. in. 21. 

25. Tliis proposition requires for its proof the case of equal triangles omitted in 
Euclid : — ^namely, when two sides and one angle are given, but not the angle included 
by the given sides. 

26. Let A be the given point, and BC, BD the two straight lines intersecting 
each other in B. Suppose A£F the line reqinred, such that AF is terminated by 
BD, and bisected in £ by BC. Join AB, draw AG parallel to BD, and join GF. 
Then ABFG is a parallelogram. 

27- This is Prop. 33, of Euclid's Data. There are obviously two points in Ae 
given line to which lines may be drawn from the given point 

28. This may very easily be shewn. A restriction however is necessary— 
namely, that the angles of thie interior figure are turned froim the base. 

29. This is possible in certain cases. As an instance, a right-angled triangle 
ABC may be taken having the right angle at B. From A draw any line AD to 
meet the base BC in D. Take DE equal to AB; bisect AE in F, and jam FC; 
then the sum of the lines CF, FD shall be greater than the sum of CA» AB» the 
sides of the triangle. Pappi ColL Math. Ldb. in. Prop. 28. 

30. See the notes on Euc. x. 29, p. 50 ; also. Appendix, p. 2. 

31. See the notes on Euc. i. 29, p. 50; and Appendix, p. 2. 

32. This is manifest from Euc. i. 29. 

33. This will appear from Euc. i. 29, 15, 26. 

34. Draw the diagonal and apply Euc. i. 8, 28. The figure is either a sqoars 
or a rhombus. 

35. This is only a more general case of the last Proposition. 

36. Apply Euc. I. 29, 26. 

37. If the square and parallelogram be upon the same base and between die 
same parallels, the truth is obvious from Euc. i. 37. 

38. The former assertion is proved from Euc. i. 29, 26. The latter may be 
shewn indirectly. 

39. This is proved by appl3ring Euc. i. 8, 4. 

40. Let fall upon the diagomd perpendiculars from the opposite angles of the 
parallelogram. These perpendiculars may be proved to be eoual, and each pair of 
triangles is situated on different sides of the same base and nas equal altitudes. 

41. Let the line drawn from A fall without t^e parallelogram, and let CC', BB', 
DD' be the perpendiculars from C, B, D, on the line drawn from A ; frtim B draw 
BE parallel to AC, and the truth is manifest. Next, let the line from A be drawn 
so as to fall within the parallelogram. 

42. Let FHy GE (figure, Euc. i. 43) be j^ed and produced, they will meet the 
diagonal CA produced in the same point L. The lines CA, GE, FH may be proved 
by similar tnangles to isonverge to one point, and when produced, to meet m tluit 
point This theorem properly fidls under the theorems on Euc. vi. 

43. The perpendiculars drawn from B and C are to be perpendicular to the 
ades AB, AC respectively. Let ABDC be the parallelogram, DE perpendicular on 
BC the diagonal At B let BF be drawn meeting ED, produced it necessary in F. 
Join F, C. If FC can be shewn to be perpendicuGur to AC, the theorem is proved. 

44. One case of this theorem is included in Theorem 40, supra. Tlie otner case, 
when the point is in the diagonal produced, is obvious from tlie same principle. 

45. Let ABCD be a parallelogram and P any point without it, and AC the 
diagonal Let AP, PD, PB, PC be joined. Then the triangles APD and APB 
tofl^er are equivalent to the triangle APC. Draw PGE parallel to AD meeting 
AB and DC in G, E, and join DG, CG. Then by Euc. i. 37. 

46. If the four sides ot the figure be of different lengths, the trolli of Uie 
theorem may be shewn. If, however, two adjacent sides of the figure be e^oal to 
one another, as also the other two : the lines drawn from the angles to the bisection 
of the lon^ diagonal, will be foimd to divide the trapezkim into four triangles wMch 
are equal m area to one another. 

47. Let BCED be a trapeaum (fig. Euc. vi. 2.) of which DC, BE are the 
diagonals intersecting each other in G. If the triam^le DGB be equal to the triangle 
£GC, the side DE may be proved parallel to the m& BC, by Euc. i. 39. 



HINTS TO THE THEOREMS. BOOK I. 33 

48. Hirooffh the point of bisection of one of the q)pOJ3ite udes whieh are not 
parallel;, draw a line parallel to the opposite side, and meeting the parallel sides, pro^ 
duced, if necessary. 

49. This n>ay be shewn by Eue. i. 20. 

50. This may be shewn by £uc. i. 35. 

51. Draw the two diagonals, then four triangles are formed, two on one side of 
^h diagonal Then two of the lines drawn tlm)ugh the points df bisection of two 
sides may be proved parallel to one diagcHial, and two parallel to the other diagonal, in 
the same way as The<»em45, (which ou^ht to have been placed earlier). The other 
property is manifest from the relation oi the areas of the triangles made by the lines 
drawn through the bisections of the sides. 

52. Join A'B', BC, C'D\ D'A'; then the triangles DA A', B'CC, may be 
proved to be equal in all respects; as also the tiiangles A'BB', C'DD' : whence the 
figure A'B'C'D' may be proved to be a parallelogram. 

53. See the fig. £uc. vi. 2. The triangle ABC is double of the triangle ABE, 
and the triangle AB£ is douMe of the triangle ADE. Hence the triangle ADE is 
one fourth ofthe triangle ABC. The line DE which bisects the sides may easily be 
shewn to be parallel to BC. 

54. The lines bisecting the opposite sides of a trapezium may be shewn to be 
the diagonals of the parallelogram formed by joining the four points of bisection of 
the sides of the trapezium. 

55. Let the figure be constructed, and let AC^ BD, intersect each other m E. 
Then by-Euc. i. 6, 16, 26, 4, 5, 32, 29. 

56. If the isosceles triangle be obtuse-angled, by Euc. x. 5, 32, the truth will 
be made evident. If the triangle be acute-an^ed the enunciation of the proposition 
requires some modification. 

57. Let ED be bisected in F, and join AF, then AF is equal to EF, and by 
Euc. I. 5, 29, 32, the angle ABD is proved to be double the angle DBC. 

58. The points A, C are two pomts in the adjacent sides BF, BD produced of 
the parallelogram. It may be shewn that so long as the figure BFED is a paral- 
lelogram, the aisles made by F£, DE at the point E, with A£ and CE» are together 
equal to two right angles, and therefore by Euc. x. 14, the line A£ is in the same 
straight line with EC. 

In the enunciation for *' points A, 6 and C," read " points A, E and C." 

59. The n30st direct method of shewing that the three other diagonals (which 
bisect the sides of the triangle) pass through the same point, is by means of 
transversals. 

60. Let ABC be an isosceles triangle (fig. Euc. i. 42), AE perpendicular to the 
base BC, and AECG the equivalent rectangle. Then AC is greater than AE, &c. 

61. This is a case of the preceding theorem. 

Of all the triangles which are equal to one another, the isosceles has the least 
perimeter, and it is easily shewn that the perimeter of the triangle or twice the side 
and diagonal of the square is greater than the perimeter of the square. 

62. Let the angles at the base BC be acute angles. Join DE, CD, C£. Then 
C is a point within the paralldc^rram DABE, and the triangles ACD, J3CE may be 
shewn to be together equal to h£uf the parallelogram or double of the triangle ABC. 

63. If ABC, DBC be two equal trian^es on the same base, of which ABC is 
isosceles, fig. Euc. i. 37* By produdLpg AB and making AG equal to AB or AC 
and joining GD, the perimeter of the triangle ABC may be shewn to be less than 
the perimeter of the triangle DBC. 

64. Let two triangles be constructed on the same base with equal perimeters, of 
which one of them is isosceles. Through the vertex of that which is not isosceles 
draw a fine parallel to the base, and intersecting the perp^idicular drawn from the 
vertex of the isosceles triangle upon the common base. Join this point of intersection 
and the extremities of the base. 

65. Let ABC be a trian^e whose vertical angle is A, and whose base BC is 
bisected in D ; let any line EDG be drawn through D,' meeting AC in G and AB 
mt>duced in E, and forming a triangle AEG having lihe same vertical angle A, 
Draw BH parallel to AC, and the triangles ADH, GDC are equal. Euc. i. 26. 

66. Let ABC be an isosceles triangle, and from any point D in the base BC, 

E 
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and the extremity B, let three lines DE, DF, B6 he drawn to the rides and making 
equal anolM with the hase. Produce £D and make DH equal to DF and join BM. 
677liet fall also a perpendicular from the vertex on the base. 

68. In the fig. Euc. 1. 1, produce AB both ways to meet the drcles in D and E, 
join CD, CE, then CDE is an isosceles triangle, having each of the anoles at the 
Dase one fourth <^ the angle at the vertex. At £ draw EG perpendiculEur to DB 
and meeting DC produced in 6. Then C£6 is an equilateral triangle. 

69. On the same base AB, and on the same side of it, let two tnanffles ABC, 
ABD be constructed, having the side BD equal to BC, the angle ABC a light 
angle, but the angle ABD not a right angle ; then the triangle ABC may be shewn 
to oe greater than the triangle ABD wh^her the angle ABD be acute or obtose. 

70. Let any paraUelograms be described on any two sides AB, AC of a triangle 
ABC, and the sides paralld to AB, AC be produced to meet in a point P. Join I^. 
Then on either side m the base BC, let a paralldognun be described having two sides 
equal and parallel to AP. Produce AP and it will divide the parallelognun on BC 
into two parts respectively equal to the parallelograms on the sides. Euc. i. 35, 36. 

71. (a) Apply Euc. i. 6, 29. 

(6) The question is imperfectly expressed. 

If FC intersect AE in p and AB m Q ; also BK intersect AD in ^ and AC in 
P : then Ap is equal to Fq and Ao to Qp. In the case only of AB bemg equal to 
AC will the parts Ap, Xq cut off mnn AE, AD be equal to one another. 

(c) Let AL meet the base BC in P, and let the perpendiculars from F, K meet 
BC produced in M and N respectively: then the triangles APB, FMB may be 
proved to be equal in all respects, as also the triangles APU, CKN. 

{d) If FH, FG be produced and meet in O, and OB, OC be joined, the 
triangle OBC is equal in all respects to the trianc^le ADE, and joining the points 
A, O, the line AO is in the same straight line wim AL which meets the base BC 
in R. Then OR is a perpendicular from an angle on the opposite side BC of the 
triangle OBC. If BK, CF can be proved to be peipendicular to the other two sides 
OC, OB respectivelv : then BK and CF intersect AL in the same point. 

{e) Let rail DQ perpendicular on FB produced. Then the tnanj^le DQB maj 
be proved equal to each of the triangles ABC, DBF ; whence the truingle DBF ib 
equal to the triangle ABC. 

Perhaps however the better method is to prove at once that the triangles ABC, 
FBD are equal, by shewing that they have two sides equal in each triangle, and the 
included ang^, one the supplement of the other. 

(/) If DQ be drawn perpendicular on FB produced, FQ may be proved to be 
bisected in the point B, and DQ e^ual to AC. Then the souare ot FD is found by 
the right-angled triangle FQD. Similarly, the square of KE is found, and the sum 
of the squares 'of FD, £K, GH will be found to be six (not eight) times the square of 
the hyiwthenuse; but the sum of the squares of FD, D£, EK, KH, UG, GF 
are together equal to eight times the square of the hypothenuse. 

{g) The ttuiee triangles formed by joining GH, KE, DF are each equal to the 
triangle ABC. Whence the sum of the four triangles and the three squares may be 
shewn to be equal to the sum of two squares, namdy of BC and of AB+ AC. 

72. The former part is at once manifest by Euc. i. 47. Let the diagonals of the 
square be drawn, and the given point be su^osed to coincide with the intersection of 
the diagonals, the minimum is obvious, find its value in terms dT the side. 

73. Applv Euc. I. 47. 

74. Let tne base BC be bisected in D, and DE be drawn perpendicular to the 
hypothenuse AC. Join AD : then Euc. i. 47. 

75. This is at once obvious from Euc. i. 47* 

76. Let the equilateral triangles ABD, BCE, CAF be described on AB, BC^ 
CA the ndes respectively of the triangle ABC having the right angle at A. 

Join DC, AK : then the triangles DBC, ABE are equaL Next draw DG per-^ 
pendicubr to AB and join CG : then the triangles BDG, DAG, DGC are eqwd to 
one another. Also draw AH, EK perpendicular to BC ; the triangles EKH, EKA 
are equal. Whence may be shewn that the triangle ABD is equal to the triangle 
BHE, and in a similar way may be shewn that CAF is ecjual to CHE. 
t The restriction is mine<;efl8ary : it only brings AD, AE into the same line. 
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2. Fbob. I. p. 306, sugfj^ests the method to be employed. 

3. Let AB be the given straight line (fig. Euc. ii. 4). On AB describe a square, 
draw the diagonal BD, and take AC equal to half the diagonal BD. 

4. Let BF be the ^ven line, (fig. Euc. n. 14) and suppose E the point of division* 
such that the rectanffle BE, EF is equal to the square ol the difference of BE and 
£F. On FB describe the semicircle BHF and draw EH perpendicular to BF to 
meet the circumference in H. Join G, H, and produce 6H to meet in K, the line 
FK drawn perpendicular to BF. Then FK may be shewn to be equal to FB. 
Hence the construction. 

5. A square may be found equal to the given rectangle ; and then the Frob. is 
reduced to Prob. i. p. 306. 

6. This is a repetition of Prob. 2, by nustake. 

7. Let AB be the fl;iven line. Find a line AE of which the square shall be 
three times the square of AB ; from AB cut off AC equal to the difference between 
AE and AB^ and C is the point of section such that the squares of AB and BC 
are double the square of AC. 

If the square of one part were required to be three times the square of the othei^ 
the problem, by aid of Euc. n. 7, is at once reduced to depend on Euc. n. 11. 

8. From tiie precedmg Problem AB* + B(? = 2 AC ; 

therefore AB»-AC» = AC*-BC«; 

or (AB+AC).(AB-AO=:(AC + BC).(AC-BC); 

or <AB+AC).BC = AB.(AC-BC); 

or AB.BC+AC.BC = AB.AC-AB.BC, 

therefore 2. AB.BC = AC.(AB-BC)=: AC. 

Whence the problem depends upon the preceding. 

9. See note on Euc. n. 11, p. 72. 

10. By assuming the points of division, it will be found that the line must be 
80 divided that the square oi the middle part is equal to twice the rectangle contained 
by the extreme parts. Let AB be the given line. Describe on AB any ri^ht-angled 
triangle not isosceles. With centre B and radius BC describe a circle cuttmg AB in 
D ; and with centre A and radius AC describe a circle cutting AB in E. Then D, 
E, are the points required. 

11. Let the point C be supposed to be determined ; then since the rectangle of 
the sum and difference of AB and BC is equal to the difference of the squares of 
AB and BC, of which AB is known and BU unknown, which difference is equal to 
the square of a given line AC. Hence BC is known by Euc. i. 47. 

12. Let AB the given straight line be divided in C, it is required to produce 
AB so that the rectangle contained by the whole line produced and the part pro- 
duced, may be equal to the rectangle contamed by AB, AC. Fmd by Euc. n. 14, 
the fflde of a square which is equal to the rectangle contained by AB, AC : and then 
the problem is reduced to that of producing the Ime AB to some point D, so that 
the rectangle contained by AD, DB is equal to a given square. 

13. liiis follows more simply from Euc. iii. 36. If BD be the side of the 
given square, and AC the difference of the adjacent sides of the rectangle. 

14. Let EH be the side of the g^ven square (fig. Euc. n. 14), and BF tne sum of 
the adjacent sides— the construction is obvious. 

15. Euc. I. 45, 47 ; n. 14 ; will suggest the necessary constructions. 

16. Let ABCD be the given rectangle. From A draw AB' equal to the given 
length to meet DC, or DC produced in B' ; draw BE perpendicmar to AB', and 
upon the other side of AB' describe a rectangle AB'C'D naving AD' equal to BE. 
The line CD' may cut DC, or DC produce^ eitiier way. If U'C cut AD in F. so 
that AF is less than FD, then F6 must be taken equal to AF and a line be drawn 
through G parallel to D'C to meet DC. The two rectangles may be shewn to con- 
sist ofparts conuuon or mutually equal to each other. 
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17. There seems to be some inaccniracy in the enunciation of this Problem. la 
its present form it appears to be impossible, except when C is the middle of AB, 
and D coincides with it. 

18. In the question for 4c read 2c; otherwise the problem is impossible, Euc. 
I. 19. To construct the problem generally :— 

Assume any line A6 to represent c; on AB describe a s^uafe ABCD ; produce 
AB to E. On AE describe a semicircle intersecting? CD m F. Draw FG per- 
pendicular to AE. Then AG, AB, GE are the sides of the triangle. If BE be 
equal to AB, F coincides with C, and the triangle is equilateral. 
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3. The area of the rhombus is equal to the areas of the four right-angled 
triangles formed by the diagonals and sides of the figure. 

4. Let ABCD be a trapezium having the side AB parallel to CD. Draw the 
diagonal AC ; then the area of the trapezium is equal to the two triangles. See note 
onEuc. u. def. p. 68. 

6. Apply Euc. II. 6, Cor. and note p. 68. 

6. In the figure, Euc. n. 7. Join BF, and draw FL perpendicular on GD. 
Half the rectangle DB, BG, may beproved equal to the rectangle AB, BC. Or, 

Join KA, CD, KD, CK. Then CK is perpendicular to BD. And the triangles 
CBD9 KBD are each equal to the triangle ABI^. Hence, twice the triangle ABK is 
equal to the figure CBElD ; but twice the tri^gle ABK is equal to the rectangle 
contained by AB, BC ; and the figure CBKD is equal to half the rectangle cont^ed 
by DB and CK, the diagonals of the squares on AB, BC. Wherefore, &c. 

7. This follows from Euc. 11. 7. 

8. The difference between the two unequal parts may be shewn to be equal to 
twice the line between the points of section. 

9. This proposition is only another form of stating Euc. n. 7. 

10. This may be shewn from Euc. u. 5, Cor. 

11. See the notes on Euc. n. 5, 6^ 10, 11, p. 60, &c. 

12. The Problem is, in other words, given the sum of two lines and the sum of 
their squares, to find the lines. 

Take AB equal to the side of the given square, and on AB describe a semicircle 
ADB, D being the middle point. Join DA, DB. With centre D and distance DA 
or DB describe a circle AEB ; and with centre A and radius equal to the sum of 
the given lines, describe another circle cutting AEB in E. Draw AE cutting ADB 
in C, and join CB. AC, CB are the lines required. 

13. Tluough E draw EG parallel to AB, and through F, draw FHK parallel to 
BC and cutting EG in H. Then the area of the rectangle is made up 01 the areas 
of four triangles ; whence it may be readily shewn that twice the area (not the area) 
of the trian^ AFE, and tiie figure AGHK is equal to the area of the rectangle. 

14. The lines must be recKoned positive or neaative, according to the Erection 
m which they are measiued ; and the theorem is rather algebraical : From 

AF=(AE + EF)*; BF*=(BE+EF5»; CF*=(EF-CE)^ DF=(EF-DE)', 

the enundcated property may be foimd. 

15. Draw lines m>m the angles of the equilateral triangle to the point from 
which the perpendiculars are drawn to the sides. The equilateral triangle is divided 
into three triangles, the sum of whose areas are equal to the area of the whole 
triangle. Euc. i. 41 ; xi. def. 1. The point may next oe supposed to fidl on one of 
the sides, and the consequence remarked ; and lastly, outside the triangle. 

16. In the question, for C read H, as in the figure, Euc. 11. 11. If D be the 
point in AH, so that HD = BH, then AB = AH + BH ; and since A B . BH « AH», 

.\(AH + BH).BH = AHa, and .-. BH» = AH»- AH.BH = AH.(AH-BH); 

or, HD» = AH . AD ; that is, AH is divided in D, 

so tihat the rectangle contsdned by the whole line and one part, is equal to the squrre 
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of ^e other part By a similar process, HD may be so divided ; and so on, by 
always taking from the firreater part of the divided line, a ^rt eoual to the less. 

Also, if SA be promiced, and AK be taken eqoal to A^, KM to KH, ML to 
MA, and so on ; KH, MA, LK, &c. may be proved to be amilaily divided to AB. 
The proof that KH is so divided appears from the fiffure : for CF. FA » CA'$ and 
AK=AC, alsoAF^AH. 

17. The succession of steps may be traced through the first and second bodks, 
^ fhial step beinff Euc. n. 14. 

18. From C let fall CF perpendicular aa AB. Then ACE is an obtose^moled 
triangle, and BEC is an acut^angled triangle. A]^ly Euc. n. 12, 13 ; and by Euc. 

I. 47, the squares of AC and CB are equal to the square of AB. 

19. I^ ABDE be the square on AB ; fnxn C draw CF, CG pcq)endiculani on 
DB, EA produced. Then by Euc. n. 12. 

20. in a right-angled triangle (Euc. i. 47)» the square of the side subtending the 
right angle is equcd to the squares of the sides containing the riffht angle ; but m an 
obtuse-angled triangle (Euc. n. 12), the square of the side subtending the obtuse 
angle is greater thm the square of the side containing the obtuse ang^e; and in an 
acute-angled triangle (Euc. n. 13), the square of the side subtending an acute angle 
is less than the squares of the sides which contain that angle. 

21. This will be found to be that particular case of Euc. u. 12, in which the 
distance of the obtuse angle from the root of the perpendicular is half of the side 
subtended by the right angle made by the perpendicular and the base produced. 

22. In every scalene triangle, the line drawn from the vertex to the bisection of 
the base, divides the triangle into two triangles, one obtuse-angled and the. other 
acute-angled. Apply Euc. n. 12, 13. 

23. (1) Let tne triangle be acute-angled (Euc. n. 1 3, ^. 1 .) 

Let AC be bisected in E, and BE be joined ; also EF be drawn perpendicular to 
BC. DF is equal to FC. Then the square <^ BE may be proved to be equal to the 
square of EC together with the rectangle BD, BC. 

(2) If the triangle be obtuse-angl^, the perpendicular EF £adl8 withm or without 
the base according as the bisecting mie is drawn from the obtuse or the acute angle 
at the base. 

24. See Theorem 29, p. 354. 

25. The truth of this theorem follows at once from Euc. i. 47. 

26. The common intersection of the three lines divides each into two parts, one 
of which is double of the o^er, and tius point is the vertex of three triangles which 
have lines drawn frmn it to the bisection of the bases. Apply Euc. n. 12, 13. 

27. Draw a perpendicular from the vertex to the base, and apply Euc i. 47; 

II. 5. Cor. Enunciate and prove the proposition when the atraight line drawn frwn 
the vertex meets the base i^Sduced. *^ *^ ^ 

28. This foUows directly from Euc. n. 13, Case 1. 

29* The truth of this proposition may be shewn from Euc i. 47; and Euc n. 4. 

30. Let the square on the base of the isosceles triangle be described. Ihaw 
the diagonals of the square, and the proof is obvious. 

31. Apply Euc. I. 47, to express the squares of the three sides in terms of the 
squares of the perpendicular and of the segments of AB. 

32. Draw EF parallel to AB and meeting the base in F: draw also EG per- 
pendicular to the base. Then DF is a parallelogram, and by Euc i. 47 ; 11. &. dor. 

33. Bisect the angle B by BD meeting the opposite side in D^ and draw BE 
perpendicular to AC. Then bj Euc. i. 47 ; 11. 5. Cor. 

34. This follows directly from Haeorem 22, p. 309. 

35. Let the point O be within the rectangle. Draw the diagonals intersecting 
each other in P and join OP. !Suc. 11. 12, 13. Let O be without the triangle. 

36. Draw from any two opposite s^les, straight lines to meet in the Imctian of 
the diagonal joinmg the other angles, nmen by Euc. 11. 12, 13. 

37. Draw two lines from the point of bisection of ^ther of the bisected sides to 
the extremities of the opposite side ; and three triangles wiU be formed, two on one 
of the bisected sides and one on the other^ in each of which is a line drawn from the 
vertex to the bisection of the base Then by Theorem 22, p. 309. 

38. If the extremities of the two lines whidi bisect the opposite sides of the 
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inpepum be jdned, the figure formed is a paraHdoffram which has its sides ie- 
spectively paraUel to, and equal to, half the diagonals of the trapezium. The sum g£ 
the squares of the two diagonals of the trapezium may be easily shewn to be equal to 
the sum of the squares of the four sides of the parallefognan. 

39. Draw perpendiculars from the extremities S one of the parallel sides, 
meeting the oth^ side produced^ if necessary. Then from the four right-angled tii- 
angles thus formed, may be shewn the truth of the proposition. 

40. Let ABC be any triangle; AHKB, AGFC, BDEC, the squares upon 
their sides ; £F, GH^ KL the lines joining the angles of the squares. Iroduce GA, 
KB, EC, and draw HN, DO, FK perpendicu£irs upon them respectively: also 
draw AP, BM, CS perpendiculars on the sides of the triangle. Then AN may bo 
jnoved to be equal to AM; CR to CP; andBQ to BS; andby Eucu. 12, 13. 
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3. Let A be the centre^ the radius of the circle bdng unknown. Take any 
point B in the circumference and find by means of Ihe compasses onlv, a third point 
C in the circumference, such that B, A, C, shall be in the same straignt line. 

Many problems of this class are solved in the " Giom^trie du Compos,'^ par Jb. 
Magcheroni. 

4. Euc. m. 3, suggests the construction. 

5. The least choid drawn through a given pcnnt, is the line'perpendicular to that 
diameter which passes through the given pcint. 

6. The given point may^ be d£er within or without the circle. Find the centre 
of the drcle, and join the siven point and the centre, and upon this line describe a 
semicircle, a line eaual to the ffiven distance mxf be drawn nxnn the given point to 
meet the arc of tne semidrcfe. When the point is without the droe, the given 
distance may meet the diameter produced. 

7* Let two unequal circles cut one another, and let the line ABC drawn 
through B, one of the points of intersection, be the line reouiied, such that A3 ia 
equal to BC. Join 00' the centres of the circles, and draw OP, O'Y perpendicuIarB 
on ABC, then PB is equal to BF; thiou^ O' draw O'D parallel to PF; then 
ODO' is a right-angled triangle, and a semicircle described on 00' as a diameter 
wiU pass through the point D. Hence the sjnthesis. If the line ABC be supposed 
to move round the pomt B and its extremities A, C to be in the extremities of the 
two circles, it is manifest that ABC admits of a maximum. 

8. It is sufficient to suggest that the angle between a chord and a tangent is 
equal to the angle in the alternate segment of the circle. Euc. iii. 32. 

9. There is some inaccuracy in the enunciation :— for if the two points be given 
in the circimaference of the cirde, the angle which the tan^nts make with the given 
line is dependent on the position of the two points in the circumference. 

10. Let D be the point required in the diameter BA produced, such that the 
tangent DP is half of IjB. Join CP, C being the centre. Then CPD is a ri^ht- 
an^ed triangle, having the sum of the base PC and hypotbenuse CD double ofthe 
perpendicular PD. &e Prob. 31, p. 298. 

11. Let P be the given point, and PBA the given line cutting the circle ABC 
in the points B, A. Let PCD be the line required : join OC/OD, O being tbs 
centre. Then the arc AB being given, and the sum of the arcs BC, AD ; the arc 
CD is also given in magnitude, and the angle COD which it subtends at the centre. 

Whence the construction. Take the arc RS equal to the defect of the sum of the 
three arcs AB, DA, BC from the whole circumference : join RS, and with centre O 
describe a circle touching RS, and from P draw PCD to touch this circle. 

12. At any point r in the circumference of the given circle, draw a line APB 
touching the curcle at P, the parts AP, BP being equal to the given line. With 
centre C and radius CA or CB describe a circle, produce the given chord DE to 
meet the circumference of this circle in F. From F draw FG to touch the given 
circle in G, then FG is the line required. 
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14. Describe a circle lliroiigfi the three given points ; from A any one of them/ 
draw any chords and from the centre D draw the perpendicular DE upon it 'With 
the same centre and radius DE describe a circle. Then from B^ C draw lines BF^ 
CG touching this circle; then AE, BF, CG are equal to one another. The circle, 
which is the superior limit, is obviously the circle passing through the points A, B, C. 

15. Find the centre, and the construction of Euc. ni. 15 will eruggest how the 
radius may be found, supposing FG and BC on the same side of the diameter. 

16. The lengths of the lines may be found by Euc. iii. 15. 

1 7. Let ABC be the required triangle on the given base AB, having the sum of 
the squares of its sides ACf, CB equal to the given square. If the base AB be 
bisected in D and CD be joined, then by Theo. 22, p. 309, the difference between 
the sum of the squares of the sides and of the square of half the base may be shewn 
to be equal to double the square of CD. Hence CD is constant, and therefore the 
locus is a circle whose centre is D and radius DC. 

18. Let O be the centre of the given circle. Draw OA perpendicular to the 
given straight line : at O in OA mSae the ai^le AOP equal to the given angle, 
produce PO to meet the circumference affain in Q. Then P, €1 are two points from 
which tangents may be drawn fulfilling me required condition. 

19. (1) When the tangent is on the same side of the two drcles. Jdn C, C 
their centres, and on CC' describe a semicircle. With centre C' and radius equsd to 
the difference of the radii of the two circles, describe another circle cutting the semi- 
circle in D ; jcnn DC' and produce it to meet the circumference of the given cirde in B. 
Through C draw CA parallel to DB and join B A ; this line touches the two circles. 

(2) When the tangent is on the alternate sides. Having joined C, C; on CC' 
describe a semicircle; with centre C, and radius equal to ti^ sum of the radii of the 
two circles describe another circle cutting the semicircle in D, join CD cutting the 
circumference in A, through C draw CB parallel to CA and join AB. 

20. Let A be the given point, PQ any quadrantal arc of the given circle. From 
C the centre draw CD perpendicular to PQ and with centre C and radius CD, 
describe a drele, which will touch PQ in D. Then two tangents may be drawn ta 
this circle from A, dther of which is a solution. The same construction serves for 
any given chord isss than the diameter of the given circle. 

21. Let AB, BC, CD be the three given straight lines in the same straight line. 
On AC as a base describe the locus of the vertex of the triangle whose sides are as 
AB to BC. On the base BD describe the locus of the vertex of the triandle whose 
sides shall be as BC to CD. Let P be the intersection of these locL Join r A, PB, 
PC, PD ; the angles ABP, BPC, CPD are equal angles. See Prob. 8, p. 348. 

22. Let A be the given point in the diameter BC; through A draw DAE 
perpendicular to BC, am join DB, BE. Through A draw any other chord FAG ; 
and jom BF, BG; draw FH, GK parallel to BC meeting DE in H, K respectively r 
join BH, BK, and draw FM, GN riferpendicular to BC. Then HK may be proved 
to be less than DE, and the triangle FBG less than the triangle DBA. 

23. From A suppose ACD drawn, so that when BD, BC are joined, AD and 
DB shall together be double of AC and CB together. Then the angles ACD^ 
ADB are supplementarv, and hence the angles BCD, BDC are equm, and th» 
triangle BCD is isosceles. Also the angles BCD, BDC are ^ven, hence the 
triangle BDC is given in species. 

Arain AD+DB=2.AC + 2.BC, or CD = AC + BC. 

Whence, make the triangle bdc having its angles at d, c equal to that in the 
segment BDA ; and make ca^ed-cb, and join ah. At A make the angle BAD 
equal to bad, and AD is the line required. 

24. This is the same as Problem 12, p. 315. 

25. Let the given straight line AB be divided at any point C. On AB as a 
diameter describe a circle. Let the point D in the arc be the point required, such 
that when DA, DC, DB are joined, the angles ADC, CDB are each equal to half a 
right angle. Produce DC to meet llie circumference in E, then Euc. ni. 21. 

26. The line which divides the circle into two segments is equal to the line 
which joins the two points of intersection of the circles in the fi^re Euc. i. 1. 

27. Let ABC be a triangle of which the base or longest side is BC, and let a 
segment of a circle be described on BC. Produce BA, CA to meet the arc of thA 
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smnent in D, £, and join BD, CE. If cireks be described about the triang^ 
aBD, ACEy the ddes AB, AC shall cut off segments similar to the segment 
described upon the base BC 

28. Hub is the same as Euc m. 34, with the condition, that the line must pass 
thiongh a given point 

29. By supposing the thing don^ the line joining the points of intenection of 
the two drcke, will pass throu^ the centre of the given arde. From one of the 
given points draw a line through the centre of the given circle and cutting the two 
circles in four points ; then by Euc. m. 35. 

30. As a particolar case» if the segment be a semicbrde : on AB the diameter^ 
the point K win be foond to be distant from B, one half of the radius. 

31. If a segment of a circle containing an angle equal to the gsvta ang^ be 
described upon ttie line which joins the two given points, the circumference of the 
segment wiD meet the circumference of the given circle in two points, whidi wffl 
give two solutions of the Problem ; or in one point at which the angle will be a 

32. Let ABCD be the required trapexium inscribed in the given circle (fig, 
Euc m. 22) of which AB is given, also the sum of the remaining ttutee aadea and 
the angle ADC. Since the angle ADC is mven, the opposite angle ABC is 
known, and therefore thepcHnt C and the side BC. Produce AD and maiEe DE 
eqittl to DC and join ECf. Since the sum of AD, DC, CB is given, and DC is 
known, therefore the sum of AD, DC is given, and likewise AC, and the angle 
ADC. Also the angle DEC bcwg half of the angle ADC is given. Whence & 
s^paent of the circle which omtains AEC is given, also AE is given, and hence the 
pomt E, and consequently the point D. Whence the construction. 

33. Join the centres A, B ; at C the point of contact draw a tangent, and at A 
draw AF cutting the tangent in F, and making with CF an angle equ^ to one fourth, 
of the given an^ From F draw tangents to the circles. 

34. At anypoints P, R in the circumferences of the circles whose centresare A, 
B, draw PQ, US, tan||;ents equal to the given lines, and join AQ, BS. lliese being 
made the sides of a triangle <n which. AB is the base, the vertex of the triangle is the 
point required. 

35. Let C, C' be the centres of the given circles, join CC, and let DD' be the 
line required, making the given angle with CC. Through C draw CE making widi 
CC an angle eoual to the given angle, and equal to the given fine, join CD, ^D'. 

36. hk ABCD be the required line, such that the chords AB, CD are each 
equal to the given line. Take O, O' the cenlies of the circles, and draw OE perpen- 
dicular to AB, and OF to CD. With centres O, O' and radii OE, O'F re- 
spectively, describe two circles. Then the line ABCD is a conmuxi tangent to these 
circles, and all chords which touch the interior and are terminated by the exterior 
drdes are equal to one another. * 

37. Suppose the thing done, then it will appear that the line joining the points 
of intersection of the two drdes is bisected at right angles by the line joining the 
centres of the drdes. Since the radii are known, the centres of the two drdes may 
be detennined. 

38. Let the two drdes cut one another in A and B. Join AB, and suppose 
A CD to be the line required meeting the circumferences in C, D, such that the part 
DE is equal to the given line. Join also BC, BD. Then the angles at C, D may be 
shewn to be given, and the point D. The proof of this problem involves proportion. 

39. Let A, B, C be the three given points. Jdn A, B, and on AB describe a 
segment of a drcle ADB containing an angle ecjual to that which the lines drawn to 
the points A, B is to contain, and onnplete the circle. On the other side of AB at 
the point B, make the angle ABE equal to the angle which the lines drawn to the 
pdnto A, C, is to contain, and let the line BE meet the circumferenoe in E. Join 
EC and produce it to meet the circumference again in D. D is the pcont required. 

40. Let the two cirdes touch each other at A, AD, AD', thdr diametera ; and 
let PQM be the semichord perpendicular to the diameter. If PQ be supposed equal 
to QM, the line MD may be snewn to be equal to four times MD'. 

41. Let tlie straight line joining the centres of the two cirdes be produced both 
ways to meet the circumference of ue exterior drde. 
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42. Let A be the common centre of the two drdes, and BODE the chord such 
that BE is double of CD. From A, B draw AF, BG pei^ndicular to BE. Join 
AG, and produce it to meet BG in G. Then AC may be shewn to be equed to 
CG^ and tne an^le CBG being a right angle, is the angle in the semichnde described 
on CG as its diameter. 

43. Let C be the common centre. Draw way diameter BCD of the interior 
circle, and produce it, making DE equal to CD. On DE describe a semicircle 
cutting die circumference of the exterior circle in F, join FD and produce it to meet 
the interior circumference in G and the exterior in H. 

44. It may be proved that of all triangles having equal vertical angles, and their 
distances from their vertices to the bisections of their bases, equal to one another, the 
greatest b that which is isosceles. 

45. The locus of the point C when the string ACB is kept stretched is an ellipse, 
lliis Problem appears here by mistake. 

46. Let A be the given point (fig. Euc. in. 36, Cor.) and suppose AFC meeting 
the circle in F, C, to be bisected in F, and let AD be a tangent drawn from A. 
Then 2.AP=AF. AC=»AD*, but AD is given, hence also AF is given. 

To construct Draw the tangent AD. On AD describe a semicircle AGD, 
bisect it in G ; with centre A and radius AG, describe a circle cutting the given 
circle in F. Join AF and produce it to meet the circumference again in C. 

47. Let C be the centre of the siven circle, AC the given radius ; produce AC 
to meet the circumference in B. WiUi centre B and radius equal to the nven line, 
describe a circle cutting the fi^ven circle in D. Through D draw DE panfiel to BA, 
meeting the circumference in E, at B make the angle CBG equal to the given angle, 
and irSoa. E, draw EF parallel to DB, meeting the given radius in F. 

48. On any two sides of the triangle, describe segments of drcles each contain^ 
ing an angle equal to two thirds of a right angle, the point of intersection ci the arcs 
within the triangle will be the poiut required^ such that three lines drawn from it to 
the angles of the triangle shall contain equal angles. Euc. in. 22. 

49. Let AB, AC be the lines containing the given angle BAC, and let PQ be 
the line of given length. Bisect PQ in R and on PR describe a rectangle eqwd to 
the given area ; also on PQ describe a segment of a circle contaming an angle equal 
to the angle BAC, and let the arc of this segment cut the side of the rectangle 
opposite to PR in S. Join SP, SQL On AB take AD equal to SP, and on AC 
take AE equal to SQ; join DE, then DAE is the triangle required. It may be 
shewn that the triangle cut off has the greatest possible area when it is isosceles. 

50. Let A, B M the extremities of the diameter of the circle, CD the given chwd 
not parallel to AB ; and let KL be the length to be cut from CD by Snes drawn 
from A, B, and meeting at a point in the circumference. 

Draw BE equal to KL and parallel to CD, join AE and on AE describe a semi^ 
drde cutting CD in F, join AF and produce it to meet the circumference in H, and 
join HB cutting CD in G. Then FG is equal to KL, as may be shewn from BEFG 
being a parallelogram. If ihe semicircle touch CD there is only one solution, if it 
cut CD there are two, if it do r<ot meet CD, there is no solution to the problem. 

61. This problem is a slif^htly varied form of Problem 39, p. 317. 

52. On any two sides AC, CB describe internally two segments of circles each 
eontaining sn angle equal to one third of four right angles, and let the segments 
intersect each other in D. Jofn AD, BD, CD. Let a circle be described with centre 
A and radius AD and a tangent be drawn to it at D. Then the sum of BD, DC is a 
minimum when they make t ^ual angles with the tangent, and therefore when they 
make eoual angles wi^ the radius AD. Similarly it may be shewn that the sum of 
AD, DC is a minimum. But the lines AD^ BD, CD make equal angles with each 
other, D therefore is the point required. 

53. Let Aa, B6, Cc be drawn from the angles to the bisections of the ophite 
sides of the triangle ABC. At B, b draw BD, bD parallel to aA, Cc respectively, 
and meeting each other in D. Join Dc, &c. Then ub ia proved equal to Co from 
the triangles DbA,cCb: also in a similar wav DB is proved equal to a A. 

54. Let ABC be the given isosceles triangle having the vertical angle at C, and let 
FG be any given line. I&quired to find a point P in FG such that the distance PA 
shall be double of PC. Divide AC in D so that AD is double of DC, produce AC 

F 
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to £ dnd make A£ double of AC. On DE describe a circle cutting FG i& P, then 
PA is double of PC. This is found by shewing that AP = 4 . PC^ 

55. - The equal sides of the equivalent isosceles triangle are each a mean propor- 
tional between me two sides of the scalene triangle. Euc. vi. 15. 

56. This is made to depend upon constructing a right-angled triangle of which 
the peipendicular and the opposite angle are ffiven. 

57. Let ABC be the triangle required; BC the ^ven base, BD the given 
difference of the sides^ and B AC the given vertical angle. Join CD and draw AM 
perpendicular to CD. Then MAD is half the vertical angle and AMD a right angle; 
the angle BDC is therefore nven, and hence D is a point in the arc of a given seg- 
ment on BC. Also since BD is given, the point D is given, and therefore the sides 
BA, AC are given. Hence the synthesis. 

58. On any base BC describe a segment of a circle BAC containing an angle 
egual to the given angle. From D the middle point of BC draw DA to make the 
given angle ADC with the base. Produce AD to E so that AE is equal to the given 
bisecting line, and through E draw F6 parallel to BC. Jom AB^ AC and produce 
them to meet FG in F and G. The demonstration depends on Book vi. ; 

59. Analysis. Let ABC be the triangle, and let the circle ABC be described 
about it ; draw AF to bisect the vertical angle BAC and meet the circle in F, make 
AV equal to AC, and draw CV to meet the circle in T; join TB and TF, cutting 
AB in D ; draw the diameter FS cutting BC in R, DR cutting AF in E ; join AS, 
and draw AK, AH perpendicular to FS and BC. Then shew that AD is half the 
sum, and DB half the difference of the sides AB, AC. Next, that the point F ia 
whidi AF meets the circumscribing circle is given, also the point £ where DE meets 
AF is ^ven. The pomts A, K, I^ E are in a circle, Euc. m. 22. Hence KF . FR 
TsAF.FE, a given rectangle; and the segment KR, which is equal to the perpen- 
dicular AH, being given, RF itself is given. Whence the construction. 

60. On AB the given base describe a circle such that the segment AEB shall 
contain an angle equal to the given vertical angle of the triangle. Draw the diameter 
EMD cutting AB in M at right angles. At D in ED, make the angle EDO 
ecjual to half the given difference of the angles at the base, and let DC meet thfe 
circumference of the circle in C. Join CA, uB ; ABC is the triangle required. 

For, make CF eoual to CB, and join FB cutting CD in G. 

61. Let ABC oe the triangle, AD the perpendicular on BC. With centre A» 
and AC the less side as radius, describe a circle cutting the base BC in E, and the 
longer side AB in G, and BA produced in F, and join AE, EG, FC. Tlien the 
ai^e GFC being half the §^ven angle, BAC is given, and the angle BEG equal to 
GFC is also given. Likewise BE we difference of the segments of the base, and BG 
the difference of the sides, are given by the problem. Wherefore the triangle BEG 
is given (with two solutions). Again, the angle EGB bein^ given, the angle AGE, 
ana hence its equal AEG is given ; and hence the vertex A is given, and likewise the 
line AE equal to AC the shorter side is given. Hence the construction. 

62. On the given base AB describe a se^ent of a circle containing an angle 
equal to the ^ven angle, and through C the bisection of the base draw the diameter 
DE perpendicular to AB. Join A£, and on AE describe a semicircle ACE. From 
A, place in this semicircle AF equal to half the ^ven difference of the two sides of 
the triangle. Produce AF to meet the circle m G and join GB ; ABG is the 
triangle required. 

63. Let ABC be the triangle, D, E the bisections of the sides AC, AB. Join 
CE, BD intersecting in F. Bisect BD in G and join EG. Then EF, one thffd of 
EC is given, and BG one half of BD is also given. Now EG is parallel to AC ; 
and the angle BAC being given, its equal opposite angle BEG is also given. Whence 
the segment of the circle containing the angle BEG is also ^ven. 

Hence F is a given point, and FE a given line, whence E is in the circumference 
of the ^ven circle about F whose radius is FE. Wherefore E being in two given, 
circles, it is itself their given intersection. 

64. Of all triangles on the same base and having equal vertical angles, that 
triangle will be the greatest whose perpendicular from the vertex on the Ease is a 
maximum, and the greatest perpendicidar is that which bisects the base. Whence 
t}ie triangle is isosceles. 
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65. When the vertical angle and area are ^ven, the rectangle under the riides is 
also given. Likewise the sum of the squares and the rectangle of the two lines which 
constitute the sides are given. These lines may hence be found, and the triangle 
constructed. 

66. Let AB be the base, and AHB the segment contsdning the vertical angle. 
At any point H draw the tangent HP, making the square of HP equal to the given 
rectangle under the sum of the sides and one of them. Find O the centre ot the 
cirde AHB and join PO, with which as radius describe a circle PDQ* Also from 
R the middle of the arc AHB, with radius RA or RB describe the circle ADB 
cutting PDQ in D. Draw DA cutting AHB m C, and join CB. ACB is the 
triangle required. For, draw the tangent D£, and join HO, £0, DO. Then 
HP" = DE^« AD . DC = (AC + CB) . CB ; for the triangle DCB is isosceles. 

67. Let C be the centre of the given cirde, B the given point in the drcumfer* 
ence, and A the other given point tlm>ugh which the required circle is to be made to 
pass. Join. CB, the centre of the circle is a point in CB produced. The centre 
Itself may be found in three ways. 

68. Let A be the given point, and B the g^ven point in the given line CD. At 
B draw BE at right angles to CD, join AB and bisect it in F, and from F draw FE 
perpendicular to AB and meeting BE in E. E is the centre of the required drcle. 

69. Let AB, AC be the given lines and P the given point. Then if O be the 
centre of the required circle touching AB, AC in I^ S, the line AO will bisect the 
given angle BAC. Let the tangent from P meet the drcle in Q, and draw OQ, OS, 
OP, AP. Then there are given AP and the angle OAP. Also since OQP is a 
right angle, we have OP - QO* = OP - OS' = PQ," a given magnitude. Moreover 
the right-angl^ triangle AOS is given in species, or OS to OA is a given ratio. 
Whence in the triangle AOP t^ere is ^ven, the angle AOP, the side AP, and the 
excess of OP above the square of a Ime having a given ratb to OA, to determine 
O A. Whence the construction is obvious. 

70. Bisect the angle BAC by AF, at A draw AG perpendicular to AB and 
^al to half of DE. Through G draw GH parallel to AB, meeting AF in H. Then 
H is the centre of the required circle. 

71. Draw any line AB so that AC is equal to BC ; on this describe a segment 
to contain the given auffle ; through the given point P draw CQ, meeting the segment 
in Q, and join QA, QB; draw PD, PEparallel to QA, QB respectivdy; and DO 
perpendictuar to AC, and £0 to BC. Tuen O is the centre. 

72. Let D be the given point and EF the given straight line. (fig. Euc. tn. 32.) 
Draw DB to make the angle DBF equal to that contained in the alternate segment. 
Draw BA at right angles to EF, and DA at right angles to DB and meeting BA in 
A. Tlien AB ia the dianaeter of the circle. 

73. Let A, B be the given points, and CD the ^ven line. From E the middle 
of the line AB, draw EM perpendicular to AB, meeting CD in M, and draw MA. 
In EM take any point F; draw FH to make the given angle with CD ; and draw 
¥G equal to FH, and meeting MA produced in G. Through A draw AP parallel 
to FG; and CPK paralld to FH. Then P is the centre, and C the third defining 
point o£ the cirde required : and AP may be proved equal to CP by means of the 
triangles GMF, AMP; and HMF, CMP, Euc. vi. 2. Also CPK the diametet 
makes with CD the angle KCD eaual to FHD, that is, to the given angle. 

74. See Euc. m. 37^ and Theo. 3, p. 313. 

75. Let A be the base of the tower, AB its altitude, BC the hdght of the flag- 
staff, AD a horizontal line drawn from A. If a circle be described passing through 
the points, B^ C, and touching the line AD in the point £ : £ will oe the point re- 
quired. Give the analysis. 

76. Let A, B, C DC the centres of the three given circles. On the same side 
draw the tangent DE to the drdes whose centres are A, B ; and FG to the drdes 
whose centres are B, C; bisect DE in H, and FGin K; and draw HL, KM peipen- 
dicular to AB, AC, (the lines joining the centres of the circles) to meet in O. O is 
the pomt required. For, join DA, HA, FA, KA, EB, HB, KC, CG, AO, BO, 
CO ; draw the taiijgents OP, 00, OR to the drcles whose centres are A, B, C 
respectively, and join AP, BQ, CR Then the difference of the squares of OP and 
OQ may pe shewn to be equal to the difference of the squares, of DH and HE, But 
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DH la equal to HE by constractioxi, it foOaw% tbat OP is equal to OQ. In die 
same way it may be sliewii, tbat OP is equal to OR. 

NoTB. The line HO is called the radical axis of the circles whose ceoties are A 
and B ; and similarly, KO of the circles whose centres axe B and C. 

Tbe point O is ^Ae radical centre of the circles whose centres are A, B, C. 

77* Let POQ be the common diameter, O being the point of contact of the drdea 
B, C. Let DEOFG be any line drawn through O and meeting the drcumfereooes 
of the circles. Join P£, QF, then DE is equal to FG by Theorem i. p. 344. 

Can DE be shewn to be equal to FG without proportion? 

78. Let the point E in AO be su{q;x)6ed to oe found subject to the oonditioiis 
of the Problem. Produce PO to meet the drcumference in Q. Then by Euc n. 
5, 6, m. 36, Cor. combined with the given conditions, the sguaies of OE and OP 
may be shewn to be equal to five times the square of the ramus AO. And the tii- 
anfflB PEO is right-angled. Hence the square of PE is five times the square of AO, 
and AO is known, thcmore the line PE is known, also the point P is given* Whence 
the point E is determined subject to the given conditions. 

79. This is the same as the following problem with cmly a slight alteratkni. 

80. From A draw the chord AC equal to the side of tbie given square, join BC 
and produce it to meet AP in P, the point P thus found is the point required, as 
may be shewn by Euc m. 36, i. 47, u. 3. The limits of the possibili^ may be 
readily determined. 

81. On PC describe a semicircle cuttii^ the given one in E, and draw EF per- 
pendicular to AD : then F is the point requSed. 

82. Let AB, AC be the two given lines meeting at the point A, and D the given 
point. From D draw DE perpendicular to AB and produce ED to F, so th£ the 
rectangle contained by ED, DF may be equal to the given rectangle. On DF as a 
diameter describe a circle cutting AC in G, join GE andproduce it to meet AB in 
H. Then a circle may be described through the points E, G, F, H. 

83. K the ladder be supposed to be rused in a vertical plane, the locus of the 
middle pomt may be shewn to be a quadrantal arc of which the radius is half the 
length of the ladder. 

84. The point E will be found to be that point in BC from which two tangents 
to the circles described on AB and CD as diazneters, are equal Euc m. 36. 

85. Draw from the given point A a straight line AB, and divide AB on C, so 
that the rectangle AB, BC is equal to the given rectangle. If the line given by posi- 
tion (which is a circle) be described so as to pass uuxraigb the pcnnts A, B, the 
locus of the extremities of all such lines drawn from A wm be in the convex cir- 
cumference of the circle. 

86. Suppose AD, DB the tangents to the circle AEB and which contain the 
givenangle. Draw DC to the centre C and join CA, CB. Then the triangles ACD, 
BCD are always equal: DC bisects the given angle at D and the angle ACB. The 
angles CAB, UBD, being right an^es, are constant, and the angles ADC, BDC are 
constant, as also the angles ACD, BCD ; also AC, CB the radii of the given drde. 
Hence the locus of D is a circle whose centre is C and radius CD. 

87. (1) This locus may be shewn to be a circle, as the sum of the angles at 
the base is constant, the vertical angle is also constant. Euc. iii. 21. 

(2) This locus is a hyperbola, and was inserted here by an oversight 

88. The locus is a hyperbola. Also the equation to the locus may be put under 
the form, 4 a?y tan ^ = (a*- ^ sec* <^. 

89. Join AB, and upon it describe a segment of a drde which shall contain 
an angle eyaal to the given angle. If the circle cut the |^ven Ime, there will be two 
points ; if it only touch the line, there will be one; smd if it neither cut nor touch the 
hue, the problon is impossible. 

90. Describe a circle having the 'given line AB as its diameter and centre C. 
Draw any radius CD, and at D draw a tangent DE equal to AB and join C£L In 
AB prodluced, make CF equal to CE. F ia the point required. 

Let EC meet the circle in B', and when produced, in A'. 

91. This is only a case of the preceding, instead of taking the tangent DE equal 
to AB, it must be taken equal to the side of the given square. 

92. If the rectangle of the sides of the right-angled triangle be equal to the 
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square of their diflferenoe, it may be shewn that the rectangle is also equal to' one 
thnrd of the square of the hypothenuse. Hence, if a semicircle be described on AB 
the given hypothenuse, and a line AC be drawn at right angles to AB and equal to 
one third of AB, and from C a line CD be drawn parallel to AB meeting the semi- 
circle in D, and DA, DB be joined : DAB is the required triangle. 

93. Let ABC be the required triangle in which are g^ven AD, BE* CF, lines 
drawn from the anffles to the bisectimis oi the opposite sides of the triande, and 
intersectinff one anoSier in G. Thm AG is double of GD. Produce GD to H^ 
makinff DH equal to DG andjoin BH, CH. Then BGCH is a parallelogram, and 
the sifKS of the triangle BHGr are respectively each two thirds of the lines drawn 
from the angles to the bisections of the sides. 

94. Let AB, BC, CA be the three mven lines, and D the ^ven point. Draw 
any line D£ through D to meet AC in £ ; and any line FG parulel to D£ to meet 
AB in F, and BC m G ; and join £F, £G; and lastly, through F and G, draw 
parallels to £G and £F meeting D£ in R and P, and cadi c^& in Q. Thea the 
triangle PQR fulfils the conditions. 

It is obvious that there is no limit to the number oi triangles which can be 
constructed to fulfil the given conditions. For the direction of D£ firom D is arr 
bitrary ; and likewise the distance of the parallels D£, FG. 

95. Let ABCD be the given square, and let the diagonals intersect each other 
in£. Let F be any point in the locus, and jom FA, FB, FD, FC, F£. Then by 
Theorem 22, p. 309, tne sum of the scjuares of the lines from F to tiie angles of tfale 
square are shewn to be equal to twice the area of the square and four times the 
souare of £F. And £ is a fixed point; if £F be constant, the locus of F is a circle 
wnose centre is £ and radius £F. 
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5. First Jcnn the extremities of the chords, then £uc. i. 27 ; m. 28. 
Secondly. Draw any straight line intersecting the two parallel chords and 

meeting tiie circumference. 

6. This is the converse of the former part of the ppceding Theorem 5. 

7. Let the circles intersect in A, B ; and let CAD, £BF be any paraUek pass- 
ing through A, B and intercepted by the circles. Join C£, AB, DF. Then the 
figure C£FD may be proved to be a parallelogram. Whence CAD is equal to £BF« 

8. Construct the figure and the arc BC may be proved equal to the arc B'C. 

9. See Theorem 67, p. 351. 

10. Let AB be drawn from the given pcnnt A, touchinff the given circle whose 
centre is D. Join AD, DB, then the position of tiie point B may be shewn to be 
cnven, and therefore the Ime AB both m position and magnitude. (Euclid's Data^ 
Srop. 94.) 

11. LetCbethecentreof the circle, and £ the point of contact of DF with tha 
drde. Join DC, C£, CF. 

12. Let AB, AC be the sides of a triangle ABC. From A draw the perpesidi:- 
cular AD on the opposite side^ or opposite side produced. The semicircles oescribedl 
on AB, BC both pass through D. £uc. m. 31. 

13. Let Abe the right angle of the triangle ABC, the first propeity foShvra from 
the preceding Theorem 12. Let D£, DF be drawn to £, F the centres of the circles 
on AB, AC,1and join £F. Then £D maj be proved to be perpendicular to the 
radius DF of the circle on AC at the pomt D. 

14. Let ABC be a triangle, and let the arcs be described on the sides externally 
containing angles, whose sum is equal to two right angles. It is obvious that the 
sum of the angles in the remaining segments is equal to four right angles. These 
arcs may be shewn to intersect each otl^ in one pomt D, Let a, 6, c be the centres 
of the circles on BC, AC, AB. Join ab, bo, oa; Ab, bC, Ca, aB; Be, oA; 6D, 
cD, aD. Then the angle cba may be proved equal to one half of the angle A6C. 
Similarly, the other two angles of abc. 

15. The angle OAQ may be proved equal to the angle OCQ, and the truth of 
the theorem is manifest fix)m £uc. i. 32. 
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16. Bisect tbe lines and join the points of bisection with the centre of Che circle; 
the two triangles thus formed may be shewn to be equal, and by Euc. m. 14, the 
equality of the lines is inferred. 

17. Let the diagram be drawn, and fix)m the centre of the circle draw a perpen* 
dicular on the chord which passes through the middle points of the two equal chords. 
Then Euc. lu. 3. 

18. Let AB a chord in a circle be bisected in C, and DE, FG two chords 
drawn through C; also let their extremities DG, FE be joined intersecting CB in H, 
and AC in K ; then AK is equal to HB. Through H draw MHL paraUel to EF 
meeting FG in M, and DE produced in L. Then by means of the equiangular 
trianglos, HC may be proved to be e<][ual to CK, and hence AK is equal to HB. 

19. Let AB, AC be the bounding radii, and D any point in the arc BC. The 
circle described on AD will alwa^ be of the same masmtude, and the angle EAF in 
it, is constant : — ^wh«nce the arc EDF is constant, and therefore its chord EF. 

20. This is manifest from Euc. ui. 23. 

21. Jean BC. Since the angles at B, C are right angles, a cirde may be de- 
Bcribed about the figure BECF. &c. m. 22. Let the circle be described. Then the 
angle BEF is equal to BCF or BCA; and BCA is equal to BDA or FDG; also 
BFE is equal to DFG : whence two of the angles of the triangle FGD bcdng equal 
respectively to two angles of the triangle BFE; tbe third angle FGD is equal to the 
thnrd angle EBF, which is a right angb, Euc. m. 31. 

22. The chord PQ is proved greater than any other chord TR passing througli 
the same })oint N, by Euc. 1. 19 ; in. 15. If a circle be described about the triangle 
PSQ, it win touch the circumference of the mven circle in P, and the angle SPQ 
may be shewn to be greater than the angle STR. . 

23. Tlie perpendicular from the vertex bisects the base of the isosceles triangle, 
and the circle described upon one of the sides wiU pass through llie bisection of the 
base, Euc. iii. 31. 

24. Let AB, CD be any two diameters of a circle, and let two other circles 
through B, D cut tbe diameters in E, F; and in G, H. Join BD. Then DE, BF 
may be proved to be equal, as also BD, DG. 

25. Constructiiig the figure and producing the tangent QP, the triangle CP€t 
may be shewn to be an isos^es triangle, as ako the triangle C'QP : also CQ (not 
-CQO and C'Q may be each shewn to be equal to QP. 

26. The chord AB is common to the two equal circles. The angles ADB^ 
ACB may be shewn to be equaL Hence the triangle BCD is isosceles. 

27« This is only the extreme case of Theorem 5, p. 320. Also the angle con- 
tained by the tangents may be shewn to be ecfxaH to the difference between the angles 
in the two segments formal by joining the pomts of contact. 

28. By constructing the ngure and joining BC, the truth wiU appear from 
•Euc. I. 32 ; and ni. 20. 

I 29. It may be remarked, that generally, the mode by which, in pure geometry, 
three lines must, under specified conditions, pass through the same point, is ihaA by 
reductio ad absurdum. This will for the most part require the converse theorem to 
be first proved or taken for granted. 

The converse theorem in this instance is, *' If two perpendiculars drawn from two 
angles of a triangle upon the opposite sides, intersect in a point, the line drawn from 
; the third angle through this pomt will be perpendicular to the third side.'' Theorem 
J 21, supra, is the same under a modified form of expression. 

The proof will be formally thus, taking the same figure as in Theorem 21 supra^ 
Let EHD be the triangle, AC, BD two perpendiculars intersecting in F. If the 
third perpendicular EG do not pass through F, let it take some other position as 
£H ; and through F draw EFG to meet AD in G. Then it has been proved that 
EG is perpendicular to AD : whence the two angles EHG, EGH of the triangle 
£GH are equal to two right angles: — ^which is absurd. 

30. The truth of this appears at once from. Euc. in. 21. 

31. Since all the triangles are on the same base and have equal vertical 
angles, these angles are in the same segment of a given circle. The lines bisecting 
the vertical angles may be shewn to pass through the eidxemity of that diameter which 
bisects the base. 
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32. This is the converBeofthe preceding Theorem. 

33. It can be shewn that of all triangles on the same base and between the same 
parallels, the isosceles triangle has the least perimeter. The equilateral triangle, being 
also isosceles, may be shewn to be greater than any other isosceles triangle of the same 
perimeter, and hence of all triangles with equal perimeters, the equi&teral has tha 
greatest area. 

34. Apply Euc. m. 31. - 

35. Let AC be the conunon base of llie triangles, ABC the isosceles triangle^ 
and ADC any other triangle on the same base AC and between the same paralTela 
AC, BD. Describe a circle about ABC, and let it cut AD in £ and join EC. Then, 
Euc. I. 17» m. 21. 

36. Let two lines AP, BP be drawn from the given pcnnts A, B, making equal 
imgles with the tangent to the circle at the point of contact P, take any other pcnnt 
Q in the convex circumference^ and join QA, QB : then by Prob. 1, p. 293, and 
Euc. I. 21. 

37. Let DKEy DBO (fig. Euc. ni. 8) be two lines equally inclined to DA, then 
K£ may be proved to be equal to BO^ and the s^^ments cut off by equal straight 
lines in the same circle, as wdl as in equal drdes are equal to one another. 

38. Produce the radii to meet the circumference. See Theorem 27^ p. 321. 

39. Let F be any point in the diameter AD of a cirde whose centre is £ (fig. 
Euc. m. 7) and let HFK, KFL, LFM, &c. be eaual angles at F, then the arc HK 
is less than KL, KL less than LM, &c. Join HK, KL, LM, &c. and prove HK 
less than KL. Take FN equal to FH, and join KN;KN is equal to KH. Ph)duce 
KF to meet the circumference in P, and join LP, HP, LH. Then the angle KNL 
may be proved to be greater than KLN. 

40. Join the point of intersection with the centre of the drde and let faJl from 
the centre perpendiculars upon the chords. 

41. The diagram of Euc. m. 7, suggests the method of prooL 

42. See Theorem 16, p. 321. 

43. If BE intersect DF in K (fig. Euc. m. 37). Join FB, FE, then by means 
of the triangles, BE is shewn to be bisected in K at right angl^. 

44. The angle between the chord BE and the mameter BFM may be shewn 
equal to the angle between the tangent BD and the line DF drawn from D through 
the centre of the circle, (fig. Euc. m. 37.) 

45. Let AB, CD be any two diameters of a amh, O the centre, and let the tan* 
gents at their extremities form the quadrilateral figpre EFGH. Join £0, OF, then 
£0 and OF may be proved to be in the same strSght line, and similarly HO, OK* 

Note. — ^Ihis Proposition is equally true if AB, CD be any* two chords whatever* 
It then becomes equivalent to the follo\ring proposition :—The diagonals of the 
circumscribed and mscribed quadiilateralB, intersect in the same point, the points of 
contact of the former bdng the anffles of the latter figure. 

46. Let the chord AB, of which P is its middle point, be produced both ways 
to C, D, so that AC is equal to BD. From C, D, draw the tangents to the circle 
forming the tangential quadrilateral CKDR, the points of contact of ti^e sides, 
being £, H, F, G. Let O be the centre of the drde. Join EH, 6F, CO, 60, 
FO, DO. 

Then EH and GF may be proved each parallel to CD, they are therefore 
parallel to one another. Whence is proved that both EF and DG bisect AB. 

47. Let ABC be the isosceles triangle which fulfils the conditions ; take any 
point F in the base BC, from which draw FH and FG paralld to AB and AU; 
make GD equal to GA and draw DFE. Then since the side AG of the triangle 
ADE is bisected in G, and GF is parallel to AE, the base DE is bisected in F. 
Again, since GF is eaual to AH, and FH to AG ; and since BGF, HFC^ are 
isoscdes triangles ; it follows that A(^ + AH = AG + GB = AB. Wherefore AD + AE 
= 2 . AG+2 . AH»2 . AB = BA+AC. The variable triangle ADE therefore has its 
vertical angle and the sum of its sides constant; and the middle of its base is in ther 
line BC. 

48. Let the tangent AB touch the circle in C, and let CD be drawn from .C 
perpendicular on any diameter EF, and let the perpendiculars from E and F meet 
the tangent in B and A respectively. Join CE, CF. Then the angks BCE, DC£^ 
inay be shewn each equal to .tiiie angle CFE ; and by means of & triangles BC£^ 
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DCE, BE may be shewn equal to ED, and in a similar way FA may be abewn 
eqoaltoFD. 

49. Tlie line drawn firom the point of intersection of the two lines to the centre 
of the given circle may be shewn to be constant, and the centre of the given circle is 
a fixed pomt. 

50. Let AD, DF be two lines at right angles to each other; O, the centre of 
the circle BFQ ; A, any point in AD from which tan^;ents AB, AC are drawn ; then 
the chord BC shall always cut FD in the same point P, wherever the pdnt A is 
taken in AD. Join AP. Then BAG is an isosceles triangle : and 

FD.DE+AD«=AB«=BP.PC+AP«=BP.PC+AD»+DP. 

Or again, BP.PC = FD. DE-DP*. 

The point P, therefore, is independent of the pontion ai the point A ; and is 
consequently the same for bXL positbns of A in the line AD. 

51. Let C be the point without the circle from which the tangents CA, CB are 
drawn, and Irt D£ be any diameter, also let AE, BD be joined, intersecting in P, 
then if GP be jcxned and produced to meet DE in G : CG is perpendicular to D£. 
Join DA, £B and produce them to meet in F. 

Then tiie angles DAE, EBD bong angles in a^ semicircle, are right angles ; or 
DB^ £A are drawn perpendicular to the sides of the triangle DEF : whence GPCF 
is perpendicular to the tnird side DE. See Theorem 29, p. 321. 

62. Let AB, AC be drawn fr^m A and touch the circle in B, C {IsA AB be per- 
pendicular to the diameter BD, and CE perpendicular to BD, ako let AD intersect 
CE in F, then CE is bisected in F. Join DC and produce it to meet BA produced 
in G. DG may be shewn to be equal to AD, and £F to FB by means of simikr 
triangles. Euc. vi. 4. 

53. This is the same as Theorem 44. 

54. Let the radius BC produced meet the circumference of the quadrantal arc 
when continued in F, and jom FE, CD, BE. Then F£ is parallel to CD, and the 
an^^ DEB, EBD may lie each shewn to be equal to half a right anffle. 

Each of the tangents to the larger circle at A and B makes wi£ AB an angle 
equal to half a right angle, it foUows that if AD make with AB an angle less timn 
half a right ang^ AD must cut the arc of the quadrant. 

55. By constructing the diagram in accordance with the directions given, it wfl! 
be found that two circles described from the centres B, H, and with radius BH, 
do not intersect each other in the centre of the circle ABF : it would hence appear 
that there is some inaccuracy in the terms or letters of the enunciation. 

56. Let AB be the diameter of the siven circle of which the centre is C, and E 
the bisection of anv chord AD. Join EC, then the angle AEC may be proved to be 
always a right angle in whatever position the chord AD may be situated. 

57. Join Ad, and the first equality follows directly from Euc. m. 20, i. 32. 
Also by joining AC, the second equality may be proved m a similar way. If how- 
ever tiie nne AD do not fall on the same side of the centre O as £, it will be found 
that the difference, not the sum of the two angles, is equal to 2 . AED. See note to 
Euc. m. 20, p. 108. 

58. Tins problem cannot be constructed by the line and circle, as the Algebra* 
ical equation wmch arises for finding D is of the third degree. 

59. See Theorem 85, p. 325. 

60. Complete tiie circle whose segment is ADB ; AHB bang the other part 
Then since the angle ACB is constant, bdn^ in a mven segment, the sum of tiie arcs 
DE and AHB is constant. But AHB is given, hence ED is sdso given and tiiete- 
fore constant 

61. Let A, B, be the centres, EF the tangent intersecting the line AB joining 
the centres, and CD the other tangent Draw the radii AC, AE, BD, BF to the 
points of contact ; and draw BG parallel to DC meeting AC in G ; and BH parallel 
to FE meeting AE produced in H. Then BG-=CD, BH = EF, AG = ACf-BD, 
and AH = AE + BF = AC + BD: and CD«-EF" may be proved to be equal to 
4 . AC . BD, or the rectangle of the diameters of the circles. 

62. Let the segments AHB, AKC be externally described on the given lines 
AB, AC, to contain angles equal to BAC. Then by the converse to Euc. xn. 32, 
AB toudies the circle AKC, and AC the circle AHB. 
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63. See Theorem 82, p. 325. 

64. Let A, B, be the centres, and C the point of contact of die two circles ; D, £ 
the points of contact of the circles with the common tangent D£, and CF a tangent 
common to the two circles at C, meeting DF m £. Join DC, CE. Then DF, FC, 
F£ may be shewn to be equals, and FC to be at right angles to AB. 

65. The possibility is obinous, and the centre oi the required circle will be found 
to be the point of intersection of two circles described from the centres of the given 
circles with their .radii increased by the radius of the required circle. 

66. This may be directly shewn from £uc. iii. 36, 37. 

67. See Theorem 67^ p. 351. 

68. This is the same as Theorem 26, p. 321 : repeated by mistake. 

69. This follows directly from Euc. in. 36. 

70. The line drawn through the point oi contact of the two circles parallel to the 
line which joins their centres, may be shewn to be double of th^ line wnich joins the 
centres, ana greater than any other straight line drawn through the same point and 
terminated by the circumferences. The greatest ^line is therefore dependent on the 
distances between the centres of the two circles. 

7l« A repetition of Theorem 7, p. 320. 

72. This is the same as Tlieorem 60, p. 324, under another form of ezpressbn. 

73. This is at once obvious from Euc. in. 36. 

74. Each of the lines CE, DF may be proved parallel to the common chord AB. 

75. This may be proved by shewinff that the fine joining the centres, bisects the 
angles at the centres which are containea by radii drawn to the points of intersection 
of the drcles. 

" 76. By constructing the figure and applying Euc. i. 8, 4, the truth is manifest 

If two oiameters from one of the points of intersection be drawn in both circles, 

^ and die other extremities of them be joined with the other intersection of the drdes : 
then these two lines are in the same straight line. 

77. The third circle must be defined as that whose radius is egual to the diame- 
ter of either of the equal circles ; or else that touch must be used instead of cut, in 

„ the enunciation. For in that case only will the angles at the other point of intersec-* 

K tbn be right angles. 

f 78. Let E be that point in the circumference of one circle which is the centre of 

^' the other. Join CE and produce it to meet the circumference in F. Join also FA, 

^ £A, OA. The triangles FEA, OHA may be proved to be equianffular. 

' 79. Let the two circles touch one another in the point C, and let A, B be any 

two points in the circumference of the interior circle^ and D any pdnt in the circum- 

' ference of the eocterior circle ; the angle ACB is greater than the angle ADB. Let 

' AD intersect the interior circumference in E and join EB. 

80. Let perpendiculars from the centre of the larger circle be drawn on those 

' straight lines^ then Euc. m. 15. 

\ 81. Let the line which joins the centres of the two circles be produced to meet 

' the circumferences, and let the extremities of this fine and any otner line from the 

[ point of contact be joined. From the centre of the larger cirde draw perpendiculars 

on the sides of the right-angled triangle inscribed within it. In the enunciation of 
the Theorem^ for externally read intemdUy, 

82. This is only a sfight variation of Theorem 63, p. 324. 

83. The sum of the oLstances of the centre of the third circle from the centres of 
the two given circles, is equal to the sum of the radu of the given circles, which is 
constant 

84. This may be shewn to foUow directly from Euc. ni. 36, and i. 47. 

85. Let the circles touch at C either externally or internally, and their diameters 
AC, BC through the point of contact wiU either coincide or be in the same straight 
line. DCE any fine through jC will cut off similar segments from the two circ^. 
For joining AD, BE, the angles in the segments DAC, EBC are proved to be equaL 

liie remaining segments are also similar, since they contain angles which are sup- 
plementarv to the angles DAC, EBC. 

86. In the enunciation, read ''are not similar" instead of ''are similar.'* The 
lines joining the common centre and the extremities of the chords of the circles, may 
be shewn to contain unequal angles, and the angles at the centres of the circles axe dour* 

G 
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ble the angles at the drcumferencesy it follows that the segments containinff these 
unequal angles are not omilar. 

87. L^ AB, AC be the straight lines drawn from A, a point in the outer circle 
to touch the mner circle in the points D, £^ and meet the outer drde again at B, C. 
Join BC, D£. Prove BC double of D£. 

Let O be the centre, and draw the conmion diameter AOG intersecting BC in F, 
and join £F. Then the figure DBF£ may be proved to be a parallelogram. 

88. Let Ay B, C, be Sie centres of the three equal circles, and let them intersect 
each other in the point D : and let the circles whose centres are A, B intersect each 
other again in £; the circles whose centres are B, C in F; and the circles whose 
centres are C, A in G. Then FG is perpendicular to D£; DG to FC; and DP 
to G£. Since the circles are equal, and all pass through the same pcnnt D, the 
centres A, B, C are in a circle about D whose radius is the same as the radius of the 

S'ven drdes. Join AB, BC, CA; then these will be perpendicular to the chords 
£, DF, DG. Again, the figures DAGC, DBFC, are equilateral, and hence FG 
is parallel to AB ; that is, perpendicular to D£. Similarly for the other two cases. 

89. This is true not only for three circles, but for all circles. 

Let A be the point of contact, C, the centre of any circle in the line AP, and B 
the ffiven point from which the tangents are to be drawn. Join B A and make the 
angte ABF equal to B AF, and pr^uce BF till FG be eoual to FB. The chord of 
contact D£ will always pass tnrough G. For join BC cutting D£ in H: then 
BHG is a right angle. Also BF, FA, FG are equal to one anouer, and A is in a 
semicircle on BG, and AG bdng joined, BAG is a li^ht ai^le. The anglra BHG^ 
BAG, therefore are right angl^ in the same semicu-cle; and hence II£ always 
passes through G, the extremity of the hypothenuse of the triangle BAG. 

90. Let £ be the centre of the circle which touches the two equal circles whose 
centres are A, B. Join AB, B£ which pass through the points of contact F, G. 
Whence A£ is equal to £B. Also CD the common chord bisects AB at right 
angles, and therefore the perpendicular from £ on AB coincides with CD. 

91. Let the three chords be AB, AC, AD, the middle pomts of which ateb,c,d; 
let £, F, G be the intersectbns of the circles on AB and AC, on AB and AD, and 
on AC and AD respectively 5 join BC, CD, DB, be, cd, db, AE, AF, AG; and 
let f» be the intersection of be, A£. The proof may be made to depend on the fol- 
lowing theorem y — If a circle be inscribed m a triangle and perpendiculara be drawn 
upon the sides from any point in the circumference ; the three points of intersection 
are in the same straight Ime. 

92. By jcnning the points of intersection of the circles, the foursided figure so 
formed may oe shewn to have its opposite »des equal and its angles rkht anglra. 
The diagonals may easily be shewn to cut one another at the centre of tiie middle cmde, 

93. Let three circles touch each other at the point A, and from A, let a line 
ABCD be drawn cutting the circumferences in B, C, D. Let O, O', O" be the 
centres of the circles, jom BO, CO', DO", these lines are paraUd to one another. 
£uc. I. 5, 28. 

94. Let the fixed circle CD£ be cut in C, D by any circle whatever passing 
through the fixed points A, B : draw CD to meet BA produced in F. Then 
BF.FA«DF.FC; and hence F is independent of the magnitude of the circle 
ACDB ; and is consequently the same for all, that is, all the chords pass through 
the same point F. 

95. This is similar to the last, except that the rectangle AF.FB is exchanged 
for the square of the tangent. 

96. liet any number of circles touch each other internally at the point A, and 
let a common tangent be drawn at A. With any point B in the tangent and any 
radius, describe a circle cutting the given circles in C, D, £, &c. Join BC, BD, B^, 
&c., and produce them to meet the circles again in C\ D', £', &c. Then CC, DD', 
££', &c., may be shewn to be equal to one another by £uc. in. 36. 

97. The construction of the figure suggests a reference to Theorem 22, p. 309. 

98. Let AB be a chord parallel to tlie diameter FG of the circle^ fig. Theo. 1, 
p. 235, and H any point in the diameter. Let HA and HB be joined. Bisect FG in 
O, draw OL perpendicular to FG cutting AB in K, and join HK, HL, OA. llien 
the square of HA and HF may be proved equal to the squares of FH> HG by 
Theo. 20, p. 233 ; £uc. i. 47 ; £uc. n. 9. 
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99. Let the chords AB, CD intersect each other in E at right ancles. < Find F 
the centre, and draw the diameters HEFG, AFK and jdn AC, CK, BD. Then by 
£uc. IL 4, 5 ; in. 35. 

100. Let ABCD be any quadnlateral figure, AC, BD the diagonals, F, G, 
ibsar points of bisection, E the pcnnt of bisection of FG. Let P be any pdnt in 
the circumference of a circle described from centre £. Join PF, PE, PG, PA, PB, 
PC, PD, EA, EB, EC, ED. Then bv Theorem 22, p. 309. 

101. Let the figure be constructea and join DB, DG. Then DABG is a rect- 
angle, and FG is equal to CD, both being diameters of the drcle, and by Euc. i. 47 ; 
u. 12, 3 ; m. 36, the property may be proved. 

In the enunciation read, '^or their hues produced in H, G." 

102. This is only another form of statmg Theorem, 103. 

103. This is manifest from Euc. ni. 35. 

104. Let ACB be the given acute angle at C the centre of the circle, which is 
subtended by the arc AB, and suppose ACD to be one third of the ande ACB. 
Through B oraw BEF parallel to CD and meeting tiie circumference in E and the 
radius AC produced in F. Join CE, then FE may be shewn equal to tiie radius CE. 
If therefore frtnn B the line BEF, &c. 

105. Let Q be the centre of the drdes. Join QO, QB. Then QOB is a right-- 
angled triangle. Also ON may be proved equal to OM by Theorem 18, p. 321. 
And 4 . CN . NF+ MO^ may be shewn to be equal to the difference of the squares of 
the radii of the circles by Euc. m. 35 ; n. 6 ; i. 47. 

106. L^ the figure be constructed, and the truth is obvious from Euc. I. 41. 

107. Let E, F be the points in the diameter AB equidistant from the centre O ; 
CED any chord ; draw OG perpendicular to CED, and join FG, OC. The sum of 
the squares of DF and FC may he shewn to be equal to twice the square of FE and 
the rectangle contained by AE, EB, by Euc. i. 47 ; n. 5 ; ni. 35. 

108. Let the chords AB, AC be drawn from the point A, and let a chord FG 
parallel to the tangent at A be drawn intersecting the chords AB, AC in D and E, 
and join BC. Then the opposite angles of the quadrilateral BDEC are equal to two 
right angles, and a circle would circumscribe the figure. Hence by Euc. i. 36. 

109. Let the line drawn from A touch the circumference in P, and froin B, C, 
let lines be drawn to the pdnts where the drde intersects the two sides of the 
triangle. Then by Euc. in. 31 ; n. 13 ; m. 36. 

110. Let QOP cut the diameter AB in O. From C the centre draw CH per- 

?!ndicular to QP. Then CH is equal to OH, and by Euc. n. 9, the squares of 
O, OQ are readily shewn to be equal to twice the square of CP. 

111. From P draw PQ perpendicular on AB meeting it in Q. Join AC, CD, 
DB. Then circles would circumscribe the quadrilaterals ACPQ and BDPQ, and 
then by Euc. m. 36. 

112. In the enunciation for '* centre" read " circumference ;" and for KG' read 
AH». Draw AGDK, AE, AC, AH, EK, KC, CG, CE, and let M be tiie intersection 
of AK, EC. Then AEKC is a rhombus, and MK=:MA : also GM^MD. Whence 
GK=AD = 2.AG, and AK=r3. AG; wherefore AK.AG=3.AG^ Ateo AH» 
=AC»=AG»+GC*+2.AG.GM = 3.GM». Hence AK. AG = AH«. 

113. Here A is the extremity of the diameter and C the centre of the lai^ger 
drcle, the perpendicular BDE meets AC in E, the smaller circle in D and the larger 
in B. From the right-angled triangles the truth of the ])roperty may be shewn. 

114. Describe the figure according to the enunciation; draw AE the diameter 
of the drcle, and let P be the intersection of the diagonals of the paralldogram. 
Draw EB, EP, EC, EF, EG, EH. Since AE is a diameter of the circle, the angles 
at F, G, H are right angles, and EF, EG, EH are perpendiculars from the vertex 
upon the bases of the triangles EAB, EAC, EAP. Whence by Euc. ii. 13, and 
Tneorem 22, page 309, the truth of the property may be shewn. 

115. Let AC, BC be produced to meet the circumference in A', B': produce 
also QRr to meet the drcuroference in q» Through r draw a line perpendicular to 
Qiq and meeting the circumference in S, s, and jom S^, then Srq may be shewn to 
be a right-angled triangle having the sides S^, Sr, qr respectivdy equal to AB, 

116. If AQ, AT' be produced to meet, these Imes with AA' form a right-angled 
triangle. 
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117. Thu Theorem is tihe same as 119, p. 361. 

118. Let the tang^ta TP, T€l be drawn from any jxnnt T in the perpendicular 
CT to meet the drcles in P, Q respectively. Join AP, PQ, then by Euc. i. 47. The 
square of PT may be shewn to be equal to the square of QT. 

119. This theorem requires the aid of proportion. The locus of the point D 
which fulfils the condition is a drde (Theorem 17» p< 353.) whose diameter is found 
by drawing the common tangent PQ to meet ACB produced in K. Let AB meet 
the circles m L and M, and DC meet tiiem in £ ana F ; and join FL, £0, DK. 
Then since EO, FL are paiallel to DK the base of the triangle CDK> and by coat* 
pounding the two proportions deduced from Euc. vi. 2 : we have 

ED.DF : LK.KM :: CD* : CK*, 

and it may be shewn that LK . KM = CK'; 

hence, ED.DF=DC», or, ED : DC :: DC : DF; 

whence, ED. DC : DC" :: DC" : DC.DF; 

or, DH« : DC" :: DC" : DG"; 

and DH : DC :: DC : DG; or DH.DG^DC". 

120. Let the figure be constructed, and let the perpendicular from AG on the 
diameter be ^greater than the perpendicular BH. Take O the centre of the circle, 
join CO, and draw BK perpendicular to AG. Then the triangles ABK, OCF 
being equiangular; AB is to BK or GH as OC is to CF. But D£ is equal to 
twice OC, and CT is twice CF. Hence AB is to GH as DE is to CF ; and there, 
fore the rectangle contained by AB, CF is equal to that contained by GH, DE. This 
Theorem is misplaced, as it involves proportion. 

121. Let AD meet tiie circle m G, H, and join BG, GC. Then BGC is a 
light-angled triangle and GD is perpendicular to the hypothenuse, and the recU 
angles may be each shewn to be equal to the square of BG. Euc. m. 35 ; n. 5 ; 
I. 47. Or, if EC be joined, the quadrilateral figure ADCE may be circum8crU)ed by 
a circle. Euc. in. 31, 22, 36, Cor. 

122. Jom EC, ED, FG, FH, then by means of the similar triangles, two pro- 
portions may be found from which it is shewn, that the first rectangle is equal to the 
second, and the second to the third. 

123. Let ADBC be the inscribed quadrilateral; let AC, BD produced meet in 
O, and AB, CD produced meet in P, also let the tangents from O, P meet the circles 
in K, H respectively. Join OP, and about the triangle PAC describe a circle 
cutting PO in G and join AG. llien A, B, G, O may be shewn to be points in the 
drcuxmerence of a circle. Whence the sum of the squares of OH and PK may be 
found by Euc m. 36, and shewn to be equal to the square of OP. 

124. This Theorem is onlv a different form of stating Theorem 119, p. 361. 
The consideration of it may be oefiBrred, as it properly involves the idea of Harmonic 
proportionals. 

125. This is an extension of Theorem 4, p. 314, where the chords intersect 
each other outside the circle. The truth of it may be readily shewn by drawing per- 
pendiculars on the chords from the centre ; and by Euc. n. 9 ; i. 47. 

126. This Theorem involves the property: — ^that the circumferences of circles 
are proportional to their radii or diameters. In general, the locus of a point in the 
drcumference of a circle which roUs within the circumference of another, is a curve 
called the Hyj)ocycloid j but to this there is one exception, in which the radius of one 
of the circles is double that of the other : in this case, the locus is a straight line, as 
may be easily shewn from the figure. 

127. Let the diagram be described as in the enunciation, and let CS meet the 
circle at A (between C and S); draw the tangent at A, and in it take AE = AE' 
s AS ; on CD describe a circle cutting the ^ven one in B, B' ; join BB' meeting CS 
in D ; draw DE, DE'. Then these Imes will be the loci of the point Q. 

Anahrsis. Suppose it true that QM = Sy, Q beinff taken in the line DK Then 
draw CP and produce it to meet the circle on SC in N, and ioin NS. 

Since Sy and NP are perpendicular to Py, they are parallel, and since CNS is in 
a semicircle, it is a ri^ht an^le. Whence Ny is a rectangle, and NP = Sy. 

Again, by the siimlar triangles EAD, QMD, we have 

QM . AD = EA . MD, or QM (AC - CD) = (CS - CA) (CM - CD). ■ 
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Also by the simUar triangles CMP, CNS, we have 

CM.CS = CP.CN = CP*+CP.PN = CA»+CA.Sy,orCA.Sy = CM.CS-CA«. 

Now since the proposition is assumed to be true, namely, that QM = Sy, a com- 
parison of their values gives 

CA : CA-CD :: CM . CS -CA« : (CS-.CA)(CM-CD), 

or CD : CA :: CM . CS-CA»-CS . CM+CS.CD+CA . CM-C A . CD : CM . CS-CA' ; 

and since CD : CA :: CA : CS, and CS.CD = CA»; 

this becomes CA : CS :: CA . DM : CM .CS - CA«; 

Whence CS . DM = CM . CS - CA«, or CA»=CS (CM -DM)=CS.SD, 
a known truth. Whence the Theorem is true. 

128. Let PAB, PDC be the straight lines from P cutting the drcle m A, B, C, 
D. Join PO, and about the triangle PAC describe a circle cutting PO in G, and 
join AG. Draw the diameter through P, and the centre Q, and through O a per^ 
pendicular to PQ cutting it in R, and the circle in H, K ; draw HP^ KP. Then it 
may be shewn that the points A, B^ G, O, are in the circumference of a circle, also 
Hh. is bisected in R. Next by Euc. ni. .36, 34, 37 ; n. 5 ; i. 47, HP* may be 
proved to be equal to CP . PD ; or HP is a tangent drawn from P to the circle. In 
the same way, PK is a tangent. Whence O is situated in the chord which joins the 
points of contact of tangents drawn from P to the circle. 

129. First. Since the angle PCQ and base PQ of the triangle PCQ arq 
constant, the circle about PCQ is constant in ma^tude, and consequently in 
diameter. Also since the angles PCQ, PRQ are sup]3kmentauy, R is in the circum- 
ference of the circle PCQ. But RQC, RPC being ri^t angles, CR is a diameter ; 
and it has been proved to be of constant magnitude. Wherefore R is always at the 
same distance from C. Secondly. Draw RS^ SC ; then PQ is bisected in h, since 
PSQR is a parallelogram. Also bisect RC in K and ym KL. Then since RC is 
the diameter of a circle ^ven in ma^tude, and PQ a given' chord in it, the line 
KL is of constant magmtude. Moreover, since RS^ RC are bisected in L and K, 
CS is equal to twice LK a given line ; and the locus of S is a circle. 

130. The locus may be shewn to be the circumference of the circle described on 
the base of the triangle as a diameter. 
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4. Draw through the centre a diameter parallel to the given line^ and from 
its extremities, draw two lines perpendicular on the diameter. 

5. This is a more g^oeral form of Problem 50, p. 217. 

6. Place in the cirde a straight line AB equal to the given line. Through the 
centre O draw a line OC perpendicular to AB, and with centre O and radiijs OC, 
describe a circle, and through P the given point, draw a straight line touching 
this circle. Hence, chords in one circle, which are also tangents to another con- 
centric circle, are bisected at the points of contact. . 

7. Trisect the circumference and join the centre with the points of trisection. 

8. Let AB, CD be two diameters intersectmg each other in O at right angles, 
and suppose EFGH the straight line required wluch is trisected in the points F, G. 
At F in AF make the angle AFK equal to the angle AFE and jcmi KH ; then KF 
is equal to EF, KFH is a right-angled triangle of which the base KH is the chord 
of a quadrant. The semicircle described on KH as a diameter touches the diameter 
AB of the given circle in F^ also the point O is given. Hence the construction. . 

9. If £ree lines be drawn within the triangle from the angular points, making 
equal angles with the respective sides of the triangle, an equilateral triangle is formed 
by the intersection of these lines, except when each line makes equal angles with two 
sides of the triangle : and the smaller the angles are which are contained between the 
lines and ^e sides of the triangle, the greater will be the area of the new triangle* 
which cannot exceed the area of the given triangle. If however the lines are no^ 
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required to be drawn within the triang^le, the greatest triangle will be that whose isides 
are parallel to the sides of the given triangle. 

10. This may be effected by Euc. tv. 10, 3. 

1 1. From the vertex of the isosceles tnangle let fall a perpendicular on the base. 
Tlien, in each of the triangles so formed, inscribe a circle, Euc. iv. 4 ; next inscribe a 
circle so as to touch the two circles and the two equal sides of the triangle. This 
gives one solution : the problem is indeterminate. 

12. The meaning of this problem does not appear very obvious. 

13. Let AB be the base of the given segment, C its middle point. Let DCE 
be the reauired triangle. From C draw CF perpendicular to the base DE^ and make 
CH equal to the given line. Join HD ana produce it to meet AB produced in K. 
Then FK is double of DF, and CH double of CF. Draw DL perpendicular to CK. 

14. The first part is another form of stating Euc. iv. 5. In order that a circle 
may pass through four points, the condition may be deduced from Euc. in. 22, 35 
or 36, Cor. 

16. Apply Euc. IV. 5. 

16. Let P, Q, B, be the three given points. Draw PR and take PR.PD = 
PA.PB; draw QD, and take QD.QE»QB.QC; through E, apply the ch<»4 
CF to subtend the angle PDQ : C is an angular point in the circumference. 

If the three points are in the same straight line, take PQ . P6= PA . PB, and 
RG.GH = GA.GV: draw the tangent HV, then VC, parallel to PQ, determines C 
an angular point. Swale's ApoUonius, p. 48. 

1 7. From the given angle draw a hne through the centre of the drde, and at the 
point where the line intersects the circumference^ draw a tangent to the circle, meeting 
two sides of the triangle. The circle inscribed within this triangle will be the circle 
required. 

18. If four points successively be taken in the sides at equal distances from the 
angles, the lines joining these points will form a square. When the four points coin- 
dae with the bisections of the sides of the g^ven square, the area of the inscribed 
square is a minimum. 

19. Let the diagonals of the rhombus be drawn; the centre of the inscribed 
circle may be shewn to be the point of their intersection. 

20. On the diameter AB describe a' rectangle equal to the given rectilineal 
figure, and let the side parallel to AB meet the circumference in E. Join A£, 
£B, through A draw AF parallel to BE and join BF. 

21. The greatest qua^:ilateral in a circle is a square. By reference to Euc. m. 
22, and Theo. 21, p. 252, it will appear when a circle can be inscribed in^ and cir- 
cumscribed about a quadrilateral figure. 

22. Bisect the angle contain^ by the two lines at the point where the bisecting 
line meets the circumference, draw a tangent to the circle and produce the two 
Straight lines to meet it. In this triangle inscribe a circle. 

23. Join the given point and the centre of the circle, and at the point where the 
circumference is cut, draw a tangent meeting the two otiier tangents; the circle in- 
scribed in the triangle thus formed, will be the circle required. 

24* If ABCD be the required square. Join O^ O' the centres of the circles 
and draw the diagonal AEC cutting 00' m E. Then E is the middle point of 00' 
and the saald AEO is half a right angle. 

25. Tue line AB joining the points of contact is bisected in D by the line CC' 
joining the centres of the circles. It D£, DF be taken each equal to half the given 
side, me contraction is obvious. 

26. LetA,B, C be the three points, jomAB, AC, BC. 

The point required, will be found to be that point in which three drdes dr- 
cumscribmg the eiquilateral triaujg^les on AB, AC, BC, meet within the triangle. 

27. first shew the possibility of a circle circumscribing such a figure, and then 
determine the centre of the circle. 

28. The centre cf the circumscribing circle is determined by the intersection of 
the two lines which bisect the angles adjacent to any side of the quadrilateral figure. 

29. Let ABC be a triangle, having C a right angle, and upon AC, BC let semi- 
circles be described : bisect the hypothenuse in D, and let fall DE, DF perpendiculars 
on AC, BC respectively, and produce them to meet the circumferences of the semi- 
eirclesin P, Q; then DP may be proved to be equal to DQ. 
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30. Let O, O' be the centres of the semidrcles on AC and CB. 

At C draw CD perpendicular to AB meeting tbe circumference in D. Pro^ 
duce CD and make D£ equal to the radius of either of the smaller semicircles. 
Join i,0, £0' and let F be the centre of the circle described about the triangle £00', 
join FO, FO' meeting the circumferences in G, H. Then FD, FG, FH may be 
proved to be equal to one another. 

By £uc hl 36, twice OG may be shewn to be equal to three times GF. 

31. Suppose tlie centre of the required circle to be found, let &11 two perpen- 
diculars from this point upon the radii of the quadrant, and join the centre of the 
circle with the centre of the quadrant and produce the line to meet the arc of the 
quadrant. If three tangents be drawn at the three points thus determined in the two 
semicircles and the arc of the quadrant, they form a right-angled triangle which cir- 
cumscribes the required circle. 

32. Suppose the parallelogram to be rectangular and inscribed in the g^ven 
triangle and to be eaual in area to half the triangle : it may be shewn that the paral- 
lelogram is equal to naif the altitude of the triangle, and that there is a restriction to 
the magnitude of the angle which two adjacent sides of the parallelogram make with 
one another. 

33. Let ABC be the given triangle, and A'B'C tiie other triangle, to the sides of 
wMch the inscribed triangle is required to be parallel. Through any point a in AB 
draw ab parallel to A'B' one side of the given triangle and through a, o draw ac,bc 
respectivdy parallel to AC, BC. Join Ac and pnxmce it to meet BC in D ; through 
D draw DjS, DF, parallel to ca, cb^ respectively, and join £F. Then D£F is & 
triangle required. 

34. (1) Let ABCD be the given square : join AC, at A in AC, make the angles 
CA£, CAF, each equal to one uiird of a right angle, and join £F. 

(2) Bisect AB any side in P, and draw PQ parallel to AD or BC, then at P 
make the angles as in the former case. 

35. Let ABCD be the g^ven square. 'With centre A and radius AB describe 
a drde, which will pass through D : take D£ ecjual to DB. With centres B, £ and 
radius B£ describe two arcs cutting each other in F. With centre D and radius DF 
describe a circle cutting the sides AD, DC of the square in G, H. Then B, G, H, 
are the angular points of the inscribed equilateral trismgle. 

36. Join AB, and from A draw AT to touch the circle in T. Divide AB in C 
80 that the recta^le contained by AB, AC shall be equal to the square of AT. 
Through C draw CP to touch the circle in P, join AP and produce it to meet the 
circumference in X. Draw XB intersecting the circumference in Q and join PQ. 
PQ is paralld to AB. The proof requires £uc. vi. 6. How is the construction to 
be effected if the two points A, B be ^ven \rithin the circle ? 

37. Let AB be tne two given pomts and C the centre of the given drde. Join 
AB and describe a cirde passing through A, B and touching the drele whose centre 
is C in the point D, join AD, BD : the angle ADB is greater than the angle A£B, 
subtended by AB at any other point £ in the circumference of the cirde whose 
centre is C. 

38. The point P will be found to be that point where a drde passing through 
the extremities of the given line touches the given circle. 

39. The point reqmred will be found to be that point at which the line drawn 
bisecting the radius is perpendicular to it. 

40. The point D may be shewn to be that point in the circumference of the 
cirde which passes throuj^n the points A, B and touches the line CD in the point D. 

41. The point required is the centre of the cirde which circumscribes the tri« 
angle. See the notes on £uc. in. 20, p. 108. 

42. If the perpendiculars meet the three sides of the triangle, the point is within 
the triangle, £uc. iv. 4. If the perpendiculars meet the base and tlie two sides pro- 
<luced, tne point is the centre of the escribed circle. 

43. In general three straight lines when produced will meet and form a triangle, 
except when all three are parsQld or two paralld are intersected by the third. This 
Problem indudes £uc. iv. 5 and all the cases which arise from producmg the sides 
of the triangle. The cirdes described touching a side of a triangle and the other 
two sides produced, are called the escribed circles. «. 
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44. Let the tvro ffiven lines AB, CD when produced meet in E, and let F be the 
given point. Bisect Uie angle A£C by EG and through F draw FG perpendicalar 
to EG and produce it both ways to meet AB in B, and CD in D. Take GH equal 
to GF, and on BA make BK such that Uie square of BK is equal to the rectangle 
contained by BH, BF. The circle described through th& points K, F, H shall touch 
the lines AB, CD. If tiie lines be parallel there is no dmiculty in the construction. 

45. Let the circle required touch the given circle in P and the given line in Q. 
Let C be the centre of the given circle and V' that of the required circle. Join CC, 
C'Qy QP ; and let QP })roduced meet the ^ven circle in R, join RC and produce it 
to meet the given line in V. Then RCV is perpendicular to TQ. Hence the con* 
struction. 

46. Let A be the centre of the given circle, B the given point in the circum- 
ference, and C the other given point. Join AB, BC, and make the angle BCD equal 
to ABC : then CD meets AB m D, the centre of the required circle. 

The given point C may be inside or outside the given circle, and the contact 
appears to be always possible. 

47. Let A^ B be the centres of the given circles and CD the g^ven straight line. 
On the side of CD opposite to that on which the circles are situated, draw a line EF 
parallel to CD at a mstance equal to the radius of the smaller cirde. From A the 
centre of the larger circle describe a concentric circle GH with radius equal to the 
difference of the radii of the two circles. Then the centre of the circle touching the 
cirde GH, the line £F, and passing through the centre of the smaller circle B, may 
be shewn to be the centre of the circle wnich touches the drcles whose centres are 
A, B, and the line CD. 

48. Let AB, CD be the two lines g^ven in position and E the centre of the 
given circle. Draw two lines FG, HI p^ralld to AB, CD respectivdy and external 
to them. Describe a drcle passing through E and touching FG, HI. Join ue 
centres E, O, and with centre O and radius equal to the difference of the radii of 
these circles describe a circle ; this will be the circle reouired. 

49. Let the circle ACF having the centre G, be tne required circle touching the 
given drcle whose centre is B, in the point A, and cutting the other given circle in 
the point C. Join BG, and through A, draw a line perpendicular to BG ; then this 
line is a common tangent to the drcles whose centres are B, G. Join AC, GO. 
Hence the construction. 

50. Let A be the pven pdnt, BC the given straight line wluch the cirde is to 
touch, and DE the line m which the centre is to be situated. Let DE be produced 
to meet BC in C. Join AC and through A draw AB perpendicular to BC, and 
produce it to meet DEC in D. With centre D and ramus DB describe a drcle 
cutting C A, produced if necessarv, in two points F, G, or touching it in one. Join 
FD, and draw AH paralld to FD meeting DE in H. The circle described with 
centre H and radius HA is the circle required. Draw HK perpendicular to BC, 
then by similar triangles, HG is proved to be equal to HA. 

51. This is a p^cular case of the general problem; to describe a drcle pass- 
ing through a given point and touching two straight lines given in position. 

Let A be the given point between the two given lines which when produced meet 
in the point B. Bisect the angle at B by BD and through A draw AD perpen* 
dicular to BD and produce it to meet the two given lines in C, E. Take DF equal 
to DA, and on CB take CG such that the rectangle containcMl by CF, CA is equad to 
the square of CG. The circle described through the points F, A, G, will be the circle 
^required. Deduce the particular case when the given lines are at right angles to od» 
another, and the given point in the hne wluch bisects the angle at B. 

If the lines are parallel, when is the solution possible ? 

52. Let A, B, be the centres of the given circles, which touch eztemallv in E ; 
and let C be the given point in that whose centre is B. Make CD equal to AE and 
draw AD ; make the angle DAG equal to the angle ADG : then G is the centre of 
the drcle required, and GC its radius. 

53. Let C be the given point in the given line AB, and D the centre of the given 
drde. Through C draw a bne CE perpendicular to AB, on the other side of AB, 
take CE equal to the radius of the g^ven drcle. Join ED, and at D make the angle 
£DF equal to the angle DEC, and produce EC to meet DF in F. 
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54. If the three points be such as when joined by straight lines a triangle is 
formed ; the points at which the inscribed circle touches the sides of the triangle^ 
are the points at which the three circles touch one another. Euc. iv. 4. There are 
di£ferent cases which arise from the relative position of the threepoints. 

55. Bisect the sides AB, BC, CA, in D, E, F, and loin DEI, EF, FD ; then the 
circles described about thetriangles ADF^ BDE, CEF shall pass through the angles 
A, B, C of the equilateral triangle and shall touch each other. 

56. Suppose the triangle constructed, then it may be shewn that the difference 
between the hypothenuse and the sum of the two sides is equal to the diameter of 
the inscribed circle. 

57. With the given radius of the circumscribed circle, describe a circle. Draw 
BC cutting off the segment BAG containing an angle egual to the given verticsl 
angle. Bisect BC in D, and draw the diameter EDF : join FB, and with centre F 
and radius FB describe a circle : this wiU be the locus of the centres of the inscribed 
circle (see Theorem 27, p. 339). On DE take DG equal to the given radius of the 
inscribed circle, and through G draw GH parallel to BC, and meeting the locus of 
the centres in G. G is the centre of the inscribed circle. 

58 . This may readily be effected in almost a similar way as the preceding Problem. 

59. With the given radius describe a circle, then by Euc. ni. 34. 

60. Let AD make with a diameter AB (2 P) an angle DAB equal to one-third 
of a right ang^le, and let the required circle DHG whose centre is F, and radius } . R, 
touch ue straight line AD in D and the circle in H. Join FC intersecting the circles 
at H, and FD, also draw FE parallel to DA, and AE to DF. Then since the circle 
DHG touches the given line AD (for the an^le BAD being given, AD is given), 
and since its radius FD is given, the locus of the centre is the line EF at the given 
distance AE from AD. Also since HF and HC are given, CF is given, and C 
being civen, the locus of F is the circle described about C with a radius equal to the 
sum of the radii HF, HC. 

61. Let ABC be a triangle on the given base BC and having its vertical angle 
A equal to the given angle. Then since the angle at A is constant, A is a point in 
the arc of a segment of a circle desoibed on BC. Let D be the centre of the* circle 
inscribed in the triangle ABC. Jcin DA, DB, DC : then the angles at B, C, A, 
are bisected. Euc. iv. 4. Also since the angles of each of the triangles ABC, DBC 
are equal to two right angles, it follows that the angle BDC is equal to the ai^le A 
and half the sum of the angles B and C. But the sum of the angles B and C can 
be found because A is given. Hence the angle BDC is known and therefore D is 
the locus of the vertex of a triangle describe on the base BC and having its 
vertical angle at D double of the angle at A. 

62. hdt the two circles touch each other in D and the given line in A, B, and 
let C, C be the centres of the circles. Join CA, C'B, C'C, and draw CE parallel to 
AB meeting AC in E. Hence the construction. 

63. Divide the circle into three equal sectors, and draw tangents to the middle 
points of the arcs, the problem is then reduced to the inscription of a circle in a triangle. 

64. The general case of this problem is when the given circles do not touch or 
intersect one another. Let A, B, C be the centres of the given circles. With centre B 
describe a circle with a radius equal to the difference or sum (as the case may require) of 
the radii of the circles whose centres are A and B: with centre C describe another circle 
with a radius equal to the difference or sum of the radii of the circles whose centres 
are A and C. Then the circle described touching these two circles and passing 
through the point A (Prob. 59, p. 351), will have its centre coincident with the centre 
of the reouired circle. Give the analvsis of the problem. 

65. This is the general case of Problem 63 supra. 

66. The problem is the same as to find how many equal circles may be placed 
round a cirde of the same radius, touching this circle and each other. The number is six. 

67. This may be effected by Euc. iv. 10. 

68. Apply Euc. IV. 10 ; i. 23 ; rv. 1 U 

69. See Problem 27, p. 298. 

70. If one of the diagonals be drawn, this line with three sides of the pentagon 
forms a quadnlateral figure of which three consecutive sides are equal. The problem 
is reduced to the inscription of a quadrilateral in a square. 

H 
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71. This may be deduced from Euc. iv. 1 1. 

72. The line AC or BD (fig. Euc. ly. 10) is the side of a regular decagon 
inscribed in the circle. See the note, Euc. n. 11, p. 72. 

73. Each side of the inscribed equilateral triangle subtends an arc equal to one 
third of the circumference. Hence the method is at once obvious. • 

74. Let the areas of the inscribed and circumscribed hexagons be expressed in 
terms of the radius of the circle. 

75. The alternate sides of the hexagon will fall upon the sides of the triangle, and 
each side will be found to be equal to one third of the side of the equilateral triang^ 

76. This construction may be effected in two different ways. 

(1) When four sides of the hexagon M upon the sides of the square. If AC 
be a diagonal of the square ABCD ; a line £F may be drawn parallel to AC, by 
problem 43, p. 298, such that AE, EF, FC shall oe equal to one another. 

(2) When only two of the sides of the hexagon M on the sides of the square. 
Bisect the opposite sides AB, CD in £, F; the problem is then reduced to that of 
drawing two fines from E, F to meet BC in G, H, such that EG, GH, HF shall be 
equal to one another. 

77. A regular duodecagon may be inscribed in a circle by means of the equi- 
lateral triangle and square, or by means of the hexagon. If r be the radius of the 
circle, the area of the duodecagon is 3 r*, which is the square of the side of an equi- 
lateral triangle inscribed in the same circle. Theorem 1, p. 332. 

78. By Euc. I. 47, the perpendicular distance from tne centre of the circle upon 
the side of the inscribed hexagon may be found. The comparison of the areas of 
the two figures may be made by comparing the sums of the areas of the triangles by 
which they are respectively formed, by drawing lines from the angular points of the 
figures to the centre of the drde which circumscribes the figures. 

79. If the pentagon be equilateral and equiangular, the problem is impossible ; 
it is however possible to inscribe a r^ular hexagon in an irregular pentagon, when 
the pentagon admits of an inscribed curcle, and me points of contact are five of the 
points of the mscribed hexagon. 

80. Each of the interior angles of a regular octagon may be shewn to be equal 
to three-fourths of two right angles, and the exterior angles made by producing the 
sides, are each equal to one-fourth of two right angles, or one half of a right an^. 

81. This is found from the inscribed square. 

82. If the alternate sides of the octagon be produced to meet one another, the 
figure thus formed is a square, and the area of the octagon may be shewn to be the 
difference between the area of the square, and twice tl^ square of the side of the 
octagon. 

83. Let the areas of the inscribed hexagon and the circumscribed octagon be 
expressed in terms of the radius of the circle. 

84. The pentagon may be transformed into a square, and then the problem is to 
describe a regular octagon equal in area to a given square. 

85. The value of me interior angle of any regular figure may be found by means 
of the note on Euc. iv. 16, p. 125. 

86. If the least angle oe denoted by 6, the other angles are 6 + 10, 6 + 20, &c. 
degrees ; by applying the expression for the sum of an arithmetical series, and note 
p. 125, 6 will be tound to be 99*. 

87. Let n be the number of sides ; then the sum of the interior angles of the 
figure may be found by finding the sum of an arithmetic progression of n terms, 
whose first term is 120*, and common difference 5°: and by note on Euc. iv. 16, p. 
125, the number of sides will be found to be 16 and 9. Construct the two figures, 
and shew that one of them contains re-entrant angles. 

88. Proceed as in Problem 87. 

89. Proceed as in Problem 87. 

90. Proceed as m Problem 87. 

91. The number of sides may be found by the note on Euc. iv. 16, p. 125. 

92. By means of the note [). 1 25, the figure may.be shewn to be a regular nonagon. 

93. The same method as in Euc. iv. 14, may be employed for £termining the 
centre of the circle which will circumscribe any regular polygon. 

94. This may be effected by the same construction as t^blem 27, p. 298. 
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95. Every regular polygon can be divided into equal isosceles triangles by 
drawing lines from the centre of the inscribed or circumscribed circle to the angular 
points oE the figure, and the number of triangles will be equal to the number of sides 
of the polyffon. If a perpendicular FG be let M from F (figiure Euc. iv. 14,) the 
centre on the base CD of FCD, one of these triangles, and if GF be produced to H 
till FH be equal to FG, and HC, HD be joined, an isosceles triangle is formed, such 
that the angle at H is half the angle at F.- Bisect HC, HD in K^ L, and join KL ; 
then the triangle HKL may be pkced round the vertex H> twice as many times as 
the trian^ CFD round the vertex F. 

96. Each of the vertical angles of the triangles so formed, may be i»*oved to be 
equal to the difference between the exterior and interior angle of the heptagon. 

97. See note on Euc. iv. 16, p. 125. 

98. See Euc. i. 9, note p. 49 ; Problems 10, 11, p. 297 ; Euc. rv. 10; Euc. iv. 
16, note Pvl24 ; Problem 67, p. 336. 

99. The eauilateral triangle can be proved to be the least triangle which can be 
drcomscribed aoout a circle. 

100. Let ABC be the equilateral triangle, and let a,b, c be the centres of the 
squares described upon the ndes opposite to the angles A, B, C respectively. The 
tnan^le formed by drawing ab, bcy ca may be proved to be an equilateral triangle, 
the sides of which are respectively equal to the line drawn from any angle of the given 
triangle to the centre of &e square on the opposite side. If the numerical value of 
the side of the given triangle oe given^ the areas o£ the two triangles may be ex- 
pressed in terms of the given side. 

101. The area of the triangle formed by joining the centres, may be shewn to be 
four times the area of the triangle formed by joining the points of contact of the circles. 

102. If the radius of the given cirde be unity, the radius of each of the four 
equal circles which touch it externally and each otner, may be shewn to be numeri- 
caUy equal to 1 + V2. 

103. Take half of the side of the square inscribed in the given cirde, this will be 
equal to a side of the required octagon. At the extremities on the same dde of this 
line make two angles eacn equal to thfee-fourths of two right angles, bisect these 
angles by two straight lines, the point at which they meet will be the centre of the 
circle which circumscribes the octagon, and either of the bisecting lines is the radius 
of the circle. 

104. (1) When « = 2, the figure is a square. (2) When n«=4, the figure is 
any triangle ; and we have only to bisect the sides, which will be the pdnts at which 
the inscribed figure has its angles situated. In all cases except tne triangle, the 
given figure must be equilateral and equiangular. 
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2. See Euc. iv. 4, 5. The centres oi the two drdes may be proved to coindde, 
and the diameter of the circumscribed cirde may be shewn to be double of the diame- 
ter of the inscribed circle. 

3. Let the figure be constructed, the sum of the sides of one triangle may be 
proved to be double the sum of the sides of the other: and the area of one, four times 
the area of the other. The parallelism of the lines is proved by Euc. ni. 32 ; i. 29. 

4. The line joining the points of bisection, is parallel to the base of the triangle and 
therefore cuts off an equilateral triangle from the given triangle. By Euc. ui. 21 ; i. 
6, the truth of the theorem may be shewn. 

6. See Theorem 22, p. 301. 

6. Prove aBc, cAb, bCa to be straight lines, and the angles at a, b, c equal. 

7. Let three equilateral triangles be described upon AB, AC, BC, the sides of 
any triangle, and let D, E, F be the centres of the cirdes inscribed in the equilateral 
triangles on AB, AC, BC respectivdy. Let DE, EF, FD be drawn; then JEFD is 
an equilateral triangle. Join DA, DB, EA, EC, FB, FC. At £ in AE make the 
angle AEG equal to FEC, and take EG equal to ED, and join GA. Then the angles 
of the triangles GDE, DEF may be proved to be respectively equal, and each equal 
to two-thir£ of two righ( angles^ 
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8. Let the line AD drawn from the vertex A of the equilateral triangle^ cat 
the base BC, and meet the circumference of the circle in D. liet DB, DC be joined ! 
AD is equal to DB and DC. If on DA, DE be taken equal to DB, and BE be 
joined ; BDE may be proved to be an equilateral triangle, also the triangle ABE 
may be proved equal to the triangle CBD. 

The other case is when the line does not cut the base. 

9. Let the figure be described. Join DC, then DC is a diameter of the drde 
described about the quadrilateral figure CEDE. Bisect DC in G, and join FG. If 
FS can be proved to be perpendic^ar to FG^ then FS will be a tangent to the circle 
at F, Euc. m. 18. 

10. Let ABC be an equilateral triangle inscribed in a circle, and let AB'C be an 
isosceles triangle inscribed m the same circle, having the same vertex A. Draw the 
diameter AD intersecting BC m E, and B'C in £', and let B'C fall below BC. 
Then AB, BE, and AB', B'E', are respectivelv the senu-perimeters of the triangles. 
Draw B'F perpendicular to BC, and cut off AH equal to AB, and join BH. If BF 
can be proved to be greater than B'H, the perimeter of ABC is greater than the 
perimeter of ABC. Next let B'C fall above BC. 

11. Let the equilateral triangle ABC whose altitude is AD, be turned round its 
centre O till it assume the position abe, and let the base frc of the new position cat 
BC in E. Produce ad to meet BC in F. Then from the right-angled triangles 
ODF, dEF, the angle between the two positions of the altitude is prov^ to be equal 
to the angle between the bases BC, be. 

12. Let a diameter be drawn from any angle of an equilateral triangle inscribed 
in a circle, to meet the circumference* It may be proved that the radius is bisected 
by the opposite side of the triangle. 

13. Let a circle be described upon 'the base of the equilateral triangle, and let 
an equilateral triangle be inscribed in the circle. Draw a diameter from one of 
the vertices of the mscribed triangle, and join the other extremity of the diamc^ 
with one of the other extremities of the sictes of the inscribed triangle. The side 
of the inscribed triangle may then be proved equal to the perpendicular in the 
other triangle. , 

14. I^t the angle BAC be a right angle, fig. Euc. iv. 4. Join AD. Then 
Euc. m. 17, note p. 108. 

15. By the preceding theorem, the excess of the two 'sides containing the right 
angle above the hypothenuse is equal to the diameter of the inscribed circle. In wis 
theorem the hypothenuse is equal to the diameter of the circumscribed circle. 

16. Let P, Q be the middle points of the arcs AB, AC, and let PQ be joined, 
cutting AB, AC in D, E ; then AD is equal to AE. Find the centre O, and join 
OP, QO. 

1 7. Let the figure be constnicted ; the proof depends on Theorem 3, p. 313. 

18. Let ABC be any triande inscribed in a circle, and let the perpendiculars 
AD, BE^ CF intersect in G. Produce AD to meet the circumference in H, and 
join BH, CH. Then the triangle BHC may be shewn to be equal in sJl respects to 
the triangle BGC, and the circle which circumscribes one of the triangles will also 
circumscribe the other. Similarly may be shewn, by producing BE ana CF, &c. 

19. Let ABC be a triangle, F the centre of the arcumscribed circle (figure Euc. 
IV. 5,) FD, FE, FG, the perpendiculars from F on AB, AC, BC respectively. Draw 
DE, DG, GE. Then each of the quadrilaterals ADFE, BDFG, GFEC may be 
circumscribed by a circle, Euc. in. 22. Then by Euc. vi. E, and observing that 
twice the area of the triangle ABC is equal to the sum of the rectangles contained by 
the perpendiculars FD, FE, FG and the sides on which they respectively fall, and also 
to the rectangle by tiie sum of the sides and the radius of the inscribed circle, we may 
jihew that the rectangle contained by the sum of the perpendiculars and the sum of 
the sides of the triangle, is equal to the rectangle contained by the sum of the ddes, 
and the sum of the radii of the inscribed and circumscribed circles. 

20. Let F, G, figure, Euc. iv. 5, be the centres of the circumscribed and in- 
scribed circles ; join GF, GA, then the angle GAF which is equal to the difference of 
the andes GAD, FAD, maybe shewn equal to half the difference of the angles ABC 
and ACB. 

21. Through C draw CH parallel to AB and join AH. Then HAC the differ- 
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ence of the angles at the base is equal to the angle HFC» £uc. ui. 21, and HFC is 
bisected b^ FG. 

22. la the figure, £uc iv. 5. Let AF bisect the angle at A, and be produced 
to meet the circumference in G. Join GB, GC and find the centre H of the circle 
inscribed in the triangle ABC. The lines GH, GB, GC are ecfoaX to one another. 

23. This property of the figure^ £uc. iv. 4, exhibited by joining AD and pro- 
ducing it to meet the base, is shewn to foUow from Euc. i. 32. 

24. This is manifest from Euc. in. 21. 

25. This is manifest from Euc in. 11, 18. 

26. The proof of this Theorem is contained in that of Problem 30, p. 334. 

27. This Theorem may be stated more generally as foUows : 

Let AB be the base of a triangle, AEB the locus of the vertex ; D the bisection of 
the remaining arc ADB of the circumscribing circle : then the locus of the] centre of 
the inscribed circle is another circle whose centre is D and radius DB. For join CD : 
then P the centre of the inscribed circle is in CD. Join AP, PB ; then these lines 
bisect the angles CAB, CBA, and DB, DP, DA may be proved to be equal to one 
another. 

28. Let a circle inscribed in the triangle AED, (figure. Theorem 3, p. 113,) 
touch the base ED in H, and the sides AD, AE in K, L respectively. It may be 
easily shewn that EF is equal to DH, and BL or CK equal to ED. 

29. The base BC is mtersected by the perpendicular AD, and the side AC is 
intersected by the perpendicular BE. From Theorem 4, p. 314, the arc AF is proved 
equal to AE, or the arc FE is bisected in A. In the same manner may the arcs FD, 
DE be shewn to be bisected in B, C. 

30. Let ABC be a triangle^ and let D, E be the points where the inscribed circle 
touches the sides AB, AC. Draw BE, CD intersecting each other in O. Join AO, 
and produce it to meet BC in F. Then F is the point where the inscribed circle 
touches the third side BC. If F be not the point of contact, let some other point G 
be the point of contact. Through D draw DH parallel to AC, and DK parallel to 
BC. By the similar triangles, CG may be proved equal to CF, or G the point of con- 
tact coincides with F, the point where the line drawn from A through O meets BC. 

31. The difference of the two ^quares is obviously the sum of the four triangles 
at the corners of the exterior square. 

32. The areas of the successive inscribed squares will be found to be respectively, 
if 1> i* &c*> of the given square, and the sum of these squares may be found by 
finding the sum of the series i, i, &c, 

33. Let the squares be inscribed in, and circumscribed about a circle, and let 
the diameters be drawn, the relation of the two squares is manifest. 

34. The opposite angles of every quadrilateral about which a circle can be 
described are together equal to two light angles: and as the opposite angles of 
every parallelogram are equal to one another, it is obvious that no circle can be 
described about a parallelogram except it be rectangular. 

35. Let one of the diagonals of the square be drawn, then the isosceles right- 
angled triangle which is half the square, may be proved greater than any other right- 
angled triangle upon the same hypothenuse. 

36. This may be made to appear from Euc. in. 21, 27. 

37. The four lines drawn from the centre of the circle to the angular points of 
the quadrilateral divide the circumference of the circle into fom: parts, &e sum of each 
pair of opposite portions may be proved equal to half the circumference. 

38. This will be manifest from the equality of the two tangents drawn to a circle 
from the same point. 

• 39. This is the converse proposition of the preceding, and its truth may be proved 
indirectly, after having proved the direct form of the proposition. 

40. Let AC, BD be joined in the figure, Euc. m. 14 ; the sides AC, BD are 
])arallel. Join AD, BC. Then since the angles in equal segments of the same circle 
are equal, Euc. i. 27. 

In the same way the opposite sides may be shewn to be parallel when the quad- 
rilateral figure circumscribes the circle. 

4 1 . I^t ABCD, A'B'C'D' be two quadrilateral figures having thdor corresponding 
sides respectively equal, and let ABCD be circumscribed by a circle, and A'B'C'D' 
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not capable of being; bo circumscribed, the quadrilateral ABCD is greater than the 

Quadrilateral A'B'C'D'. Draw the diameter AE, intersecting the side CD, and join 
!£, ED. On CD' describe the triangle C ED' having its sides respectively equal 
to the sides of the triangle CED, and join A'E'. The proof depends on shewing that 
of the quadrilaterals ABCE, A'B'C'E', which have their sides respectively equal, 
the greater is that which has its fourth side equal to the diameter of the cir- 
cumscribing circle. 

42. This follows as a corollary from Theorem 45, infra. 

43. Let the sides of the quadrilateral be produced, and the four circles described 
touching one side of the figure and the two aajacent sides produced. If two lines be 
drawn £om each exterior angle to the centres of the circles adjacent, the fig^ure so 
formed may be proved to be a quadrilateral having the sum of each pair of its opposite 
angles equal to two right andes. 

44. Let the diagonal AD cut the arc in P, and let O be the centre of the in-^ 
scribed circle. Draw OQ perpendicular: to AB. Draw PE a tangent at P meeting 
AB produced in E: then BE is equal to PD. Join PQ, PB. Then AB may be 
proved equal to QE. Hence AQ is equal to BE or DP. 

45. Let A, B, C, D be the angular points of the inscribed quadrilateral, and £, 
F, G^ H those of the circumscribed one whose pcnnts of contact with the drde are at 
A, B, C, D : it Lb required to prove that the diagonaHs AC, BD, EF, GH intersect in 
onepoint. 

If EF do not cut the diagonals AC, BD in the same point, let it cut AC in Q, 
and BD in QC; and draw EK parallel to FC, and EL to FD. Then AE, EK, £B, 
EL may be shewn to be equal to one another. Again, since EF cuts AC in Q, and 
BD in Q', by Euc. vi. 4. KE : FC :: QE : QF; and LE : DF :: Q'E : Q'F; 
and since KE=:LE, and FC«=DF, therefore QE : QF :: QE : QT, which is 
impossible. Whence FE does not cut AC, BD in Afferent points: that is, it 
passes through their intersection. In the same manner GH is shewn to pass 
through the mtersection of AC, BD. 

(2) If the point of intersection be without the circle, the same reasoning applies, 
^th the single exceptbn, that EAC and AKE are respectively the supplements of 
ACG instead of equal to it. 

(3) It therefore follows that AB and CD will intersect in a pdnt in GH, and 
that BC, AD will intersect in EF. 

46. Let a circle inscribed in a square touch one of the sides in the point A, let 
ABC be an equilateral triangle inscribed in the circle, also let a circle inscribed in 
the triangle, touch BC, CA, AB in the points D, E, F respectively. AD being 
joined passes through O the common centre of the two circles. If any point P be 
taken m the circumference of the inner circle, and PA, PB, PC be drawn, then 
PA» + PB* + PC^ + OD* = 4 . AGS or the area of the given square. By theorem 2 2, 
pge 309, after joining PF, PC, PD : PA» + PB« + P& = PD» + PE* +PP + 3 . BF«. 
if perpendiculars PL, PM, PN be drawn to the sides of the triangle BC, CA, AB ; 
since the square of the chord PD drawn from any point P to the point of contact of 
the inscribed circle, is equal to the rectangle contained by the perpendicular PL and 
the diameter of the circle, PD* + PE* + PF « (PL + PM + PN) . 2 DO ; also PL + PM 
+ PN =« AD (Theorem 15, p. 308) = 3 . CD (Euc. iv. 4). Whence may be deduced 
the required property. 

Is the property true when the point P is not on the circumference, but any point 
within the circle ? 

47. This point will be found to be the intersection of the diagonals of the given 
parallelogram. 

48. This theorem is the converse of part of Theorem 31, p. 340, but including 
also the rhombus as well as the square. 

49. Let the inscribed circles whose centres are A, B touch each other in G, and 
the circle whose centre is C, in the points D, E ; join A, D ;. A, E ; at D, draw DF 
perpendicular to DA, and EF to EB, meeting in F. Let F, G be joined, and FG be 
proved to touch the two circles in G whose centres are A and B. 

50. This is obvious from Euc. iv. 7, the side of a square circumscribing a cirde 
being equal to the diameter of the circle. 

51. Let a diameter be drawn from P through the centre Q, and join PA', PB', 
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PC, also from A', B', C drawr lines perpendicular to the diameter through P. Then 
PA'Q, PB'Q, PC'Q are three^ triangles, of which one jvill be^jobtuse-angled and 

be 

in 

may be found to be equal to the same quantity. 

52. If BD be shewn to subtend an arc of the larger circle equal to one tenth of 
the whole circumference : — ^then BD is a side of the decagon in the larger circle. And 
if the triangle ABD can be shewn to be inscriptible in the smaller circle, BD will be 
the side of the inscribed pentagon. 

53. It may be shewn that the angles ABF, BFD stand on two arcs, one of 
which is three times as large as the other. 

54. It may be proved ttiat the diagonals bisect the angles of the pentagon ; and 
the fivesided figure formed by their intersection may be shewn to be both equiangular 
and equilateral 

55. The figure ABCDE is an irregular pentagon inscribed in a circle; it may 
be shewn that uie five angles at the circumference stand upon arcs whose sum is 
equal to the whole circumference of the circle ; Euc. ui. 20. 

56. Prove the five lines joining the points of intersection to be equal to one 
another, and the angles contained oy every two lines which are adjacent to one 
another. 

57- This is a modified form of stating one of the properties in Theorem 64, p. 34 1 . 

58. The figtire may be proved to be both equilateral and equiangular by means 
of the isosceles triangles formed by producing the sides of the pentagon. 

59. The angles at a, /?, y, S, e may be proved equal to one another, and each 
equal to four-fifths of a right angle. 

60. If a side CD (figure, Euc. iv. 11) of a regular pentagon be produced to K, 
the exterior angle ADK of the inscribed quadrilateral figure ABCD is equal to the 
angle ABC one of the interior angles of the pentagon. From this a construction 
may be made for the method of folding the ribbon. 

61. Jjdt AP be drawn from A perpendicular on CD, figure, Euc. iv. 11. AP 
may be proved to pass through the centre of the circumscribing circle, as also the 
perpendiculars from the other angles of the figure. The relation of the angles may 
be found by means of Euc. i. 32. Cor. 

62. The sides and diagonals of the two pentagons (see figure, Euc. iv. 11) may 
be shewn to have the same relation to each otner which is proved in Euc. iv. 10. 

63. By Euc. n. 11, F0'== AF. FO, FO is the side of the r^ular decaufon in- 
scribed in the circle, and OC is the side of the hexagon. Also, CF'* «= COM- OF*, 
and by Theorem 39, p. 355, CF is a side of the pentagon inscribed in the circle. 

64. In the figure, Euc. iv. 10. Let DC be produced to meet the circumference 
in F, and join FB. Then FB is the side of a regmar pentagon inscribed in the larger 
circle, D is the middle of the arc subtended by the adjacent side of the pentagon. 
Then the difiference of FD and BD is equal to the radius AB. Next, it may be 
shewn, that FD is divided in the same manner in C as AB, and by Euc. n. 4, 11, 
the squares of FD and DB are three times the square of AB, and the rectangle of 
FD and DB is equal to the square of AB. 

65. Each of^ the figures thus formed exterior to the hexagon is an equilateral 
triangle. 

66. The angles contained in the two segments of the circle, maj be shewn to be 
equal, then by joining the extremities of the arcs, the two remsunmg sides may be 
shewn to be parallel. 

67. It may be shewn that four equal and equilateral triangles will form an equi- 
lateral triangle of the same perimeter as the hexagon, which is formed by six equal 
and equilateral triangles. 

68. Let the alternate sides of the figure, Euc. iv. 15, be produced to meet; each 
of the triangles so formed exterior to the hexagon, may be proved equal in all respects 
to each of the six triangles into which the hexagon is divit^d by the diagonals. 

69. Let the figure be constructed. By drawing the diagonals of the hexagon, 
the proof is obvious. 

70. Let the figure be drawn, O being the centre and A, B any two opposite 
angles of the hexagon. If AP, BP, OQ be the perpendiculars on the line, then tiie 
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8um of AP and 6P may be proved eaual to twice OQ, and in a eimUar way the 
sum of the pairs of perpendiculars from tne two remaining pairs of opposite angW. 

71. The circles will be the escribed circles of the sixtnan^les formed by joining 
the centre of the circle and the angular points of the circumscribed hexagon. 

72. This appears directly from £uc. i. 38 ; and rr. 15. 

73. The square of the tangent, by £uc. in. 36, and the square of the side of the 
octagon may be shewn each to be equal to the same quantity, (2 - V2)r'^ where r is 
the radius of the circle. 

74. By constructing the figures and drawing lines from the centre of the circle 
to the angles of the octagon, the areas of the eight triangles may be easily shewn to 
be equal to eight times the rectangle contained by the radius of the circle, and half the 
side of the inscribed square* 

75. Let a regular poljrgon ABODE be taken, O being the centre of the circum- 
scribed circle, and £ the bisection of the side DC opposite to the angle A. Join AO, 
0£, and prove that AO, 0£ are in the same straight line. 

76. The first part may be nroved by £uc. iii. 21. The converse, when the num- 
ber of sides is odd, follows, ana may be proved ex absurdo. But when tlie number 
of sides is even, every pair of opposite angles may be e^ual, as in the case of the 
rectangle, which has all its angles equal, but not all its sides ejqual. 

77. Let ABCD£F be a ngure of six sides, having all its interior angles equal to 
one another, but not its opposite sides equal Produce AB, DC to meet in G, and 
BC, ED to meet in H. Inen AB may be shewn to be parallel to ED. 

78. Let lines be drawn to the centre of the circle from the extremities of the lines 
and the points of contact,Cand the loci of the extremities of the lines may be shewn to 
be in the circumferences of two concentric circles, unless the parts of'^the lines on 
each side of the points of contact be equal. 

79. Join the points of bisection of the equal lines and the centre of the 
given circle. 

80. In the pentagon, hexagon, &c., by Euc. i. 32, the truth of the property 
is proved. 

81. This may be readily shewn in the case of two polygons, one regular^ and 
the other irregular, both havmg the same number of sides. 

82. Let ABODE (figure Euc. iv. 1 1^) be a regular polygon inscribed in a circle, 
and in the arc AB take any point M and join AM, CM. Then the triangle ABC 
may be shewn to be greater than the triangle AMO. 

83. This Theorem is the general form of Theorem 41, p. 340, and may be 
proved in a similar manner for a polygon of ^ve, six, &c., sides. 

84. The proof of this property depends on the fact, that an isosceles triangle has 
a greater area than any scalene triangle of the same perimeter. 

85. The sum of the arcs on which stand the 1st, 3rd, 5th, &c. angles, is equal 
to the sum of the arcs on which stand the 2nd, 4th, 6th, &c. angles. 

86. Let two lines also be drawn firom the centre of the circumscribed circle to 
the extremities of the same side. 

87. Let ABODEF be any irregular polygon of six sides inscribed in a circle, 
and let AC, CE, £A, BD, DF, FB be jomed intersecting each other in a, b, c, d, 
e,f; then abcdef is an irregular polygon of six sides ; and if AC be intersected in 
a, b, then the sum of the interior angles at a, b, of the inner polygon, may be shewn 
to be equal to the sunr of the interior angles at A, of the exterior polygon. Eue. i. 
32 ; ui. 21. Suppose the sides of the exterior polygon to be equal, the sides of the 
interior^polygon may readily be shewn to be also equal. 

88. The opposite angles of the figure so constructed may be proved to be equal 
to two right angles. Euc. m. 22. 

89. No Geometrical method is known whereby the circumference of a ch-de can 
be divided into seven or eleven equal parts. 

90. From the ^ven point draw lines to the angles of the polygon ; then the area 
of the polygon is equal to the areas of the triangles thus formed, namely, the rectangle 
contained by the sum of the perpendiculars and half one of the equal sides. But the 
area of the polygon is also equal to n times the area of the equal triangles of which the 
polygon is composed, that is, n times the rectangle contained by the radius of the in- 
scnbfd circle an^ half one side. Hence, &c. 
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91 . This Theorem is the same as the preceding, and forms Frop, m. of Stewart*s 
General Theorems. 

92. Let ABCDEF be a regular hexagon, P, Q, R, S, T, V the points of contact 
of the inscribed circle, and from any point G let GH, GK, GL, GM, GN, GO be 
drawn perpendicular to the sides of the figure. 

Draw PS, QT, RV intersecting each o^r in a the centre of the circle, and join 
GP, GO, GR» GS, GT, GV. Draw GX, GY, GZ perpendicular to PS, QT, RV and 
join G a. Then all the angles at a are equal. By Euc. i. 47, GH«+ GX*= GP', &;c. 

Hence Gff + GK» + GV + GM« + GN* + GO* + 2 (GX« + G T* + GZ") 

= GP+GQ%GR«+GS«+GT»+GV'. 

NextBhewthatGP'+GCl»+&c. = 6.Ga*+6.P«' = 6.(f+6.r». 

The points X, Y, Z, are in the circumference of a circle whose diameter is Go, 
and the circumference is divided into equal parts in X, Y, Z, sdso b, the bisection of 
Ga, is the cetttreof this circle, and GrX» + GY* + GZ'«3.G6*. Whence maybe 

shewn, that GH»+ GK»+ &c. « 6 (^ + »*') • 

Prove the property, when the figure is a regular pentagon. 
This is Prop, v. of Stewarfs General Theorems, 

93. This proposition is more easily established by the method of co-oidmates 
than by pure Geometry. In this way it has been provea by Dr Wallace, in the Gen- 
tleman s Mathematical Companion, VoL n. p. 452. 

The case of the triangle has been proved Geometrically by Mr Kay, in 
Leyboum's Mathematical Repository, (NS.) Vol. ni. p. 35, and Trigonomelxiodly 
also by Dr Wallace in the same place. A complete (geometrical demonstration, how- 
ever» may be obtained by means of a general method of investigating certain classes 
of properties of the circle given by Lieut Glenie, of the Royal Engineers, in Vol. vi. 
of the Edinburgh Transactions. 
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4. Let AB be the given perimeter of the required triangle. On AB describe a 
triangle ABO similar to the mven triangle ; bisect the angles at A and B by lines 
meeting in D ; through D^ draw DE, DF parallel to AC, BO, and meeting AB 
in Ey F: then DEF is the triangle required. 

5. ^ On any side BO of the given triangle ABC, take BD equal to the given 
base ; join AD, through C draw CE parallel to AD, meeting B A produced, M neces- 
sary, in E, join ED : then BDE is the triangle required. 

6. (1) In every right-angled triangle when its three sides are in Arithmetical 
progression, they may be shewn to be as the numbers 5, 4, 3. On the given line 
AC describe a triangle having its sides AC, AD, DC in this proportion, bisect the 
angles at A, C by AE, CE meeting in E, and through E draw EF, EG parallel to 
AD, DC meeting in F and G. 

(2) Let AC be the sum of the sides of the triangle, fig. Euc. vi. 1 3. Upon AC 
describe a triangle ADC whose sides shall be in continued proportion, (by Prob. 9, 
infra.) Bisect ,the angles at A and C by two lines meeting in E. From E draw 
EF, EG parallel to DA, DC respectively. 

7. Describe a circle with any radius, and draw within it the straight line MN 
cutting off a segment containing an angle equal to the given angle, Euc. ni. 34. 
Divide MN in P in the ^ven ratio, and at P draw PA perpendicular to MN and 
meeting the circumference in A. Join AM, AN, and on AP or AP produced, take 
AD equal to the f^ven perpendicular, and through D draw BC parallel to MN 
meeting AM, AN .or these lines produced. Then ABC shall be the triangle re- 
quired. 

8. Let A, B be the two given points, and let P be a point in the locus so that 
PA, PB being joined, PA is to PB in the given ratio. Join A& and divide it in C 
in tiie £^ven ratio, and join PC. Then PC bisects the angle APB. Euc. vi. 3. 



66 APPBNDIX TO EUCLID'S ELBMBNTS. 

Afoajn, in AB produced, take AD to AB in the given rado, join PD and produce 
AP to E, then PD bisects the angle BPE. Euc. vi. A. Whence CPD is a right 
angle, and the point P lies in the circumference of a drcle whose diameter is UD. 
9. By Euc. I. 47. BC« - BE« = AC» - AE«, hence BC - AC« = BE« - AE», 
or (BC + AC).(BC-AC) = (BE+AE).(BE-AE), but BE-AE = 2.DE, also 
BC-AC = DE. /. BC+AC = 2.AB, dt the three sides AC, AB, BG are in 
Aiithmetical progression. 

- 10. Let PAQ be Uie given ande, bisect the angle A by AB, in AB find D the 
centre of the inscribed circle, and draw DC perpendicular to AP. In DB take DE 
such that the rectangle DE, DC is equal to the given rectangle. Describe a circle 
on DE as diameter meeting AP in F, G ; and AQ in F', G'. Join FG' and AFG' 
will be the triangle. Draw DH perpendicular to FG', and join G'D. By Euc. vi. C, 
the rectangle FD, DG' is equal to the rectande ED, DK or CD, DE. 

1 1. Let BC be the given base ; draw BE perpendicular to BC and equal to the 
given altitude, and through E draw EM parallel to BC. At B make the angle CBF 
equal to the difference of the angles at the base. Divide the base in D so Siat BD 
may be to DC in the ratio of the sides, draw DG perpendicular to BF and produce 
it to meet EM in A. Join AB, AC ; ABC is the triangle recpiired. 

12. Let AB be the given base, ACB the segment contaimng the vertical angle ; 
draw the diameter AD of the cirde, and divide it in E in the given ratio; on AE 
as a diameter, describe a circle AFE ; and with centre B and a radius equal to the 
given line, describe a circle cutting AFE in F. Then AF bring drawn and produced 
to meet the circumscribing circle in C, and CD being joined, ABC is the triangle 
required. For AF is to FC in the given ratio. 

13. Let AC be the given base, and let DAC be the required triangle. Draw 
DB perpendicular to BC. Then from the hypothesis combmed with Euc. vi. 8, it 
may oe shewn that AB is equal to DC, and that AC is divided in B in extreme and 
mean ratio. 

14. Let ABC be any triangle, and DEF the given triangle to which the inscribed 
triangle is required to be similar. Draw any line de terminated by AB, AC, and on 
de towards AC describe the triangle rfc/ similar to DEF, join B/, and produce it 
to meet AC in P. Through P draw PD' parallel to/rf, F'E' mrallel tofe, and join 
DE', then the triple D'E'F is similar to DEF. 

15. Emplov Theorem 17, p. 353, and the construction becomes obvious. 

16. Let ABC be the reqpred triangle, CD the hne bisecting the vertical angle, 
cutting AB in H, and meetmg the circumscribed circle in D, DME a diameter 
drawn through D, and therefore bisecting the base AB in M. Let DE be bisected 
in O, then O is the centre of the circumscribing circle; also let P be the centre of 
the inscribed circle. 

Then the line OP joining the centres, cuts the line bisecting the vertical angle in 
the centre of the inscribed circle. We have g^ven, therefore, the base AB, the seg- 
ment containing the vertical angle ACB, and the ratio CP to PH. 

By means of the equiangular triangles DBC, DHB, the ratio of DB to DC may 
be shewn to be the same as the ratio of PC to PH, which is given. Hence the 
ratio of DB to DC, is!g^ven; also DB is given in magnitude, and therefore DC. 
Whence the construction. 

17. This is similar in its construction to Prob. 12, supra, except that the point 
F, instead of being at a given distance from B, is in a semicircle on AB. 

18. The line CD is not necessarily parallel to AB. Divide the base AB in C, 
so that AC is to CB in the ratio of the sides of the triianffle. 

Then if a point E in CD can be determined such that when AE, CE, EB, are 
joined, the ande AEB is bisected by CE, the problem is solved. 

1 9. Let ABC be any triangle having the base BC. On the same base describe an 
isosceles triande DBC equal to theg^ven triangle. Bisect BC in E, and join DE, 
also upon BC describe an equilateral triangle. On FD, FB, take EG to EH as 
EF to EB : also take EK equal to EH and join GH, GK ; then GHK is an equi- 
lateral triangle equal to the triangle ABC. 

20. Let ABC be the required triangle, BC the hypothenuse, and FHKG the 
inscribed square; the side HIC being on BC. Then BC may be proved to be 
dinded in H and K, so that HK is a mean proportional between BH and KC. 
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21. Let AB be the given perimeter, and let CD be drawn parallel to AB at the 
distance of the given perpendicular ; on AB describe a circle, and let F be the middle 
point of the semicircle on the opposite side of AB from CD ; with centre F describe 
a <3rcle throu^ A, B, cutting CD in P or F ; make in this circle the arcs AG, BH, 
equal to BP, PA respectively; and draw PG, PH cutting AB in Gt, R: then PQR 
is the triangle required. 

Algebraically. Let d?, y, be the sides, z the hypothenuse of the triangle, and p 
the perpendicular from the right angle on the hypothenuse : then x, y, z, may be 
found firom the equations af^+y^ = z^, xy-pz, x+y + z-a, in terms of ^ the per- 
pendicular, and a the perimeter. 

22. Make an isoscdes triangle, having its vertical anffle equal to the given angle. 
Describe a triangle similar to this isosceles triangle, and havmg its perimeter equal 
to the given perimeter. Then the area of this triangle may be shewn to be greater 
than the area of any other triangle which has the same vertical angle and the same 
perimeter. 

23. Let ABC be the given triangle. On BC take BD equal to one of the given 
lines, through A, draw A£ parallel to BC. From B draw BE to meet AE in E, 
and such that BE la a fourth proportional to BC, BD, and the other given Une. Join 
£C, produce BE to F, making BF equal to the other given line, and join FD : then 
FBD is the triangle reauired. 

24. If a circle be aescribed about the ^ven triangle, and another circle upon 
the radius drawn from the vertex of tiie triangle to the centre of the circle, as a dia^ 
meter^ this circle will cut the base in two points, and give two solutions of the pro- 
blem. Give the Analysis. 

25. In the figure, Euc. vi. 13. If E be the middle point of AC ; then AE or 
£C is the arithmetic mean, and DB is the geometric mean, between AB and BC. 
If DE be joined and BF be drawn perpendicular on DE ; then DF may be proved 
to be the harmonic mean between AB and BC. 

26. The two means and the two extremes form an aritiimetic series of four lines 
whose successive differences are equal: the difference therefore between the first 
and the fourth, or the eactremes, is treble the difference between the first and the 
second. 

27. Let the two given lines meet when produced in A. At A draw AD perpen- 
dicular to AB, and AE to AC, and such that AD is to AE in the given ratio. 
Through D, E, draw DF, EF, respectively parallel to AB, AC and meeting each 
other in F. Join AF and produce it, and the perpendiculars drawn from any point 
of this line on the two {j^ven lines will always be in the given ratio. 

28. This problem may be constructed in the same way under more general cir^ 
cumstances than those in which it is enunciated ; namely, when A, B, G, are any 
points, and any line is substituted for BK, compatible with the construction following. 

Bisect AB in V and join VG, produce VG to P, make GP=2 . VG; on PG 
describe a circle, in which place the dbords PQ, PQ' equal to the given sum of the 
perpendiculara : then the line QG is that reouired, and Q'G is that upon which the 
difiference (instead of the sum) of the perpenoiculars shall be equal to PG. The proof 
depends on Prob. 3, p. 347, 

29. Let the three given lines meet in A, B, C and form a triangle, and let the 
ratios of the three perpendiculars be as three lines m, n,p. On AC, BC, take AD, 
BE each equal to m, draw DF, EG each equal to m and parallel to AB. Join AF, 
BG and produce them to meet in O, the perpendiculars OP, OQ, OR from O. drawn 
to AB, AC, BC, shall have the same ratios as m, n,p. From F draw FH perpen- 
dicular to AB, FK to AC, and FL parallel to AC. Then by the shnilar triangles. 

30. Let AB be the given straight line, and let a perpendicular be drawn to AB 
from the point C. Divide AB in D, so that AD is to DB in the f^ven ratio ; then 
if from D a line DE be drawn to meet the perpendicular in E so that when AE, EB 
are jooned, the angle AEB shall be bisected by ED, E will be the point required, 
Euc. VI. 3. 

31. In BC produced take CE a third proportional to BC and AC ; on CE de- 
scribe a circle, the centre being O ; draw the tangent EF at E equal to AC ; draw 
FO cutting tiie circle in T and T' ; and^lastiy, draw tangents at T, T' meeting BC 
in P and F. These points fulfil the conditions of the problem. 
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By oombmiDg the proportion in the construction with that fit>m the similar td- 
angles ABC, DBP^ and £uc. in. 36, 37 ; it may be proved that CA . PD »= CP. 
The demoQBtration is similar for PD'. 

32. Let ABC be any triangle, and D the ffvea point in the base EC. Divide 
DC in £ so that C£ may be to £D in the given ratio. Jcxn AD, and from £ draw 
£F to meet AC in F, and making the anffle CF£ less than CAD. Through F 
draw F6 parallel to CB meetii^ AB in 6, join D6 and produce it to meet CA 
produced in H. Then DH is divided in G in the given ratio. What are the limits 
to the poation of the point F ? 

33. Let P be the given point and AB the mven straight line. Draw PQ per- 
pendicular to AB and produce QP to R making ClP to PR in the given ratio ; through 
R draw CD naraUel to AB : then any line dmwn through P and terminated by the 
parallels will be divided at P in the oiven ratio. 

34. Let AB be the given line from which it is required to cut off a part BC 
such that BC shall be a mean proportional between the remaunder AC and another 
given line. Produce AB to D, making BD equal to the other given line. On AD 
describe a semicircle, at B draw B£ perpendicular to AD. Bisect BD in O, and 
with centre O and radius OB describe a semicirde, join 0£ cutting the semicircle 
on BD in F, at F draw FC perpendicular to 0£ and meeting AB m C. C is the 
point of ^vision, such that BC is a mean proportional between AC and BD. 

35. Take any straight line AB, and nnd another AC, so that AC is to AB as 
V5 : 1 ; and let AB, AC make any acute angle at A and join BC. On AC take 
AD equal to the siven straight line, and through D, draw D£ parallel to CB, and 
meeting AB in E, then A£ is tiie line required. 

36. Find two squares in the given ratio, and if BF be the given line (figure 
£uc. VI. 4), draw B£ at right angtes to BF, and take BC, C£ respectively equal 
to the sides of the squares which are in the given ratio. Join £F^ and draw CA 
parallel to £F : then BF is divided in A as required. 

87. See £uc. vi. 13. 

38. This may be effected in different ways, one of wluch is the following. At 
one extremity A of the g^ven line AB draw AC making any acute angle with AB 
and join BC : at any point D in BC draw D£F parallel to AC cutting AB in £ and 
such that £F is equal to £D, draw FC cutting AB in G. Then AB is harmonically 
divided in £, G. 

39. In the ^. £uc. vi. 13. DB is the Geometric mean between AJB and BC, 
and if AC be bisected in £, A£ or £C is the Arithmetic mean. 

The next the same as — to find the segments of the hypothenuse of a right* 
angled triangle made by a perpendicular from the right angle, having given the 
di&rence between half Uie hypothenuse and the perpendicukr. 

40. For ''the base produced," read "the part of the haseprodueedJ* IjbX 
ABC be the givai right-angled triangle, C the right angle, and BG tiie base. 

At the vertex A in. AB, make the sin^ BAD equal to the angle BAG, and let 
AD meet the base CB produced in D. Then D is the point required. Euc. vi. 3* 

41. The construction is suggested by Euc. i. 47, and Euc. vi. 31. 

43. Produce one side of the triangle through the vertex, and make the part 
produced equal to the other side. Bisect this Ime, and with the vertex of the tri- 
angle as centre and radius equal to half the sum of the sides, describe a circle cutting 
the base of the triangle. 

44. This Problem is analogous to Problem 24, p. 349. 

45. Suppose that ABCD we required square is constructed ; and PA, PB, PC^ 
the distances of the pomt P from the three angles of the square are given. Draw 
BQ perpendicular to PB and equal to it, and join QC. Then since ABC, PDQ are 
right aisles, the angles ABP, CBQ are eoual, and hence QC equal to AP is g^ven, 
and P^ Q are ^ven points. Wherefore PQ being given in magnitude and position, 
and QC, CP m magnitude; the point C is given, uid hence the side BC of the 
square. 

Construction. Draw BQ perpendicular and equal to PB, the line which lies be- 
tween AP, CP, and join PQ : on PQ as a base, and PA, PQ as sides, describe the 
triangle PCQ : then BC is the side of the square. 

46. Let AB, AC, be the two given lines placed at right angles at A. Take AG 
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to AD in the ffY&i ratio, and join CD ; with centre B and radius BP equal to the 
fiide of the given square, desciibe a circle cutting CD in P ; draw P£ parallel to AC, 
and £F pandld to CD : then A6, AC are divided in E and F as required. 

47. if a triangle be constructed on AB so that the vertical angle is bisected by 
the Ihie drawn to the point C. By £uc. vi. A. the point requirra may be deter- 
mined. 

48.. Let AB, AC be the two given straight lines meeting at A, and P the given 
point between them. At A draw AD, A£ so that AD is to A£ in the given ratio, 
and containing the an^ ADE equal to the given angle. Join DE^ PA, through P 
draw PF pardlel to AD meeting AB in F, and PG parallel to A£ meeting AC m G. 
PF, PGy are the lines required. 

49. Let the mven line AB be divided in C, D. On AD describe a semicircle, 
and on CB desawe another semidrde intersecting the former in P; draw PE per- 
pen^cnlar to AB ; then £ is the point required. 

50. The line drawn through the given point and making equal angles with the 
two given lines is the line required. If a circle be described touching the two given 
Imes at 1^ points where the required line meets them, the rectangle contained by the 
segments of any other line drawn through the given point, is greater than the rect- 
angle by the segments of that line which makes equal angles with the given line. 

51. This problem is misplaced : it properly falls among the problems on Euc. xi. 
Let ABCD be the given rectangle, whose sides AB, UD are each equal to 340, 

and whose oth^ ddes are each equsi to 13a. Take Ah, Ak, Be, B/ each equal to 
12 a, join ef, hk, these will be the creases required. For draw Am, B^ perpendi- 
cular to Ait, ef, and join am ; bisect CD in P; draw PR parallel to BC, and AD 
meeting ^m m Q; join "Pg, Pm; let the triangles Bfc, Ahk be turned about /e 
and A A; till they take the respective positions fee, hdk, at right angles to thd plane 
of the rectangle ABCD ; and join re, 'Pd, 

52. Let ABC be a right-angled triangle, having the right angle at B and the 
base BC greater than the perpendicular AB. Let P be the reqi:^:ed point in BC 
(not AQ so that when AP is icHned, and PD drawn perpendicular to AC, AP and 
PD shall be a minimum. Produce DPi to meet AB produced in E. Then ED 
or AP and PD may be proved to be less than the sum of two lines drawn to any 
other pomt of BC. 

53. At any point D in BC draw DE perpendicular to BC meeting AB m £ ; 
in £ A take EF to ED as 1 to 2, and job FD. Through A draw AG parallel to 
FD, and through G draw GP parallel to DE meeting AB m P. Then P is the 
point such that AP is half of r G. 

54. Let these pdnts be taken, one on each side, and straight lines be drawn 
to them : it may then be proved that these points severally bisect the sides of the 
triangle. 

55. Let AB be equal to a side of the given square. On AB describe a semi- 
drcle; at A draw AC perpendicular to AB and equal to a fourth proportional to AB 
and the two sides of the given rectangle. Draw CD parallel to AB meeting the cir- 
cumference in D. Join AD, BD, wmch are the required lines. 

56. Describe a circle about the triangle, and draw the diameter through the 
vertex A, draw a line touching the circle at A, and meeting the base BC produced 
in Dm Then AD wiU be a jnean proportional between DC and DB. Euc. m. 36. 

57. Let A, B be the two ^ven points, and C a point in the circumference of 
the given circle. Let a circle oe described through the points A, B, C and cutting 
the circle in another point D. Join CD, AB, and produce them to meet in £. Let 
EF be drawn touching the given circle in F, the circle described through the pdnts 
A, B, F, will be the circle required. Joining AD and CB, by Euc. in. 21, the 
triangles CEB, AED are equiangular, and by Euc. vi. 4, 16, ni. 36, 37, the given 
dorde and the required circle each touch the line EF in the same poin^ and therefore 
touch one another. When does this solution &il ? 

Various cases will arise according to the rdative position of the two points and 
the circle. 

58. Let A be the given point, BC the given straight line, and D the centre of the 
given circle. Through D draw CD perpendicular to BC, meeting the circumference 
m£,F. Join AF, and take FG to the diameter F£, as FC is to FA. Thecirdbde^ 
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scribed passing through the two points A, G and touching the line BC in B is the 
circle required. Let Ii be the centre of this circle ; join HB, and BF cutting the dr*- 
cumference of the given circle in K, and join ElC Then the triangles FBC, FKK 
being e(]uiangular, by £uc. vi. 4, 16, and the construction, K is proved to be a poiot 
in the arcumference of the circle passing through the points A, G, B. And if DK» 
KH be joined, DKH may be proved to be a straight line : — ^the straight lina which, 
joins the centres of two circles, and passes through a common point in their drcum- 
ferences* 

59* Let A be the given point, B, C the centres of the two given circles. Let 
a line drawn through B, C meet the circumferences of the circles in G, F; £, ly, 
respectively. In GD produced, take the point H, so that BH is to CH as the radius 
of the circle whose centre is B, is to the radius of the circle whose centre is C. Join 
AH, and take KH to DH as GH to AH. Through A, K describe a circle ALK 
toudiing the circle whose centre is B, in L. Then M may be proved to be a point in 
the circumference of the circle whose centre is C. For by joining HL and producinc^ 
it to meet the circumference of the circle whose centre is B in N ; and joining B^ 
BL, and drawing CO parallel to BL, and CM parallel to BN, the line UN is proved 
to cut the circiunference of the circle whose centre is B in M, O ; and CO, CM 
are radii. By joining GL, DM, M may be proved to be a point in the circumference 
of the circle ALK. And by producing BL, CM to meet in P, P is proved to.be the 
centre of ALK, and BP joining the centres of the two circles passes through L the 
point of contact. Hence also is shewn that PMC passes througn M, the point where 
the circles whose centres are P and C touch each other. 

Note, If the given point be in the circumference of one of the circles, the con- 
struction may be more simply effected thus : 

Let A be in the circumference of the circle whose centre is B. Join BA, and in 
AB produced^ if necessary, take AD equal to the radius of the circle whose centre is 
C, join DC, and at C make the angle DC£ equal to the angle CD£, the point £ de- 
termined by the intersection of DA produced and C£, is the centre of the circle. 

60. Let the two given circles oe without one another, and let A, B be their 
centres. Join AB cutting the circumferences in C, D ; take C£, DF each equal to 
the radius of the required circle : the two circles described with centres A, B^ and 
radii A£, BF respectively, wiU intersect one another, and the point of intersection 
will be the centre of the required circle. Distinguish the different cases. 

61. Let the two given lines AB, BD meet in B, and let C be the centre of the 

§'ven drck, and let the required circle touch the Ime AB, and have its centre ia 
D. Draw CF£ perpendicular to HB intersecting the circumference of the given 
circle in F, and produce C£, making £F equal to the radius CF. Through G draw 
GK jparalM to AB, and meeting DB in K. Join CK, and through B, draw BL 
parallel to KC, meeting the circumference of the circle whose centre is C in L ; join 
CL and produce CL to meet BD in O. Then O is the centre of the circle requiSred. 
Draw OM perpendicular to AB, and produce £C to meet BD in N. Then oy the 
similar triangles, OL may be proved equal to OM. 

62. Let AB be the given straight line, and C the centre of the given circle; 
Ibrough C draw the diameter DC£ perpendicular to AB. Place in the cirde. a line 
FG which has to AB the given ratio ; bisect FG in H, jcnn CH, and on the diameter 
DC£, take CK^ CL, each equal to CH ; either of the lines drawn through K, L, 
and parallel to AB is the line required. 

. 63. The locus of the intersections of the diagonals of all the rectangles inscribed 
in a scalene triangle, is a straight line drawn from the bisection of the base to the 
bisection of the shorter side of the triangle. 

64. The tangent AC by £uc. m. 36, may be shewn to be equal to 3 . AB : the 
problem is reduced to findii^ a mean proportional between AB and 3 . AB. 

65. Let A be the given point within the circle whose centre is C, and let BAD 
be the Bne required, so that BA is to AD in the given ratio. Join AC and produce 
it to meet the circumference in £, F. Then £F is a diameter. Draw BG, DH 
perpendicular on £F : then the triangles BGA, DHA are equiangular. Hence the 
construction. 

66. This Problem only differs from the preceding in having the given point 
Ifithout the given circle. 
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67. Draw tangents EF, GH, common to the two circles whose centres are A, 
B to cut the line AB in G and D, (G being between A and B, and D in AB pro* 
dnced): then any line drawn through dther of these points will fulfil the conditions 
of the Problem. 

Take a line through D, the intercepted chords of which are KL and MN ; and 
jwn AM, AN, AE, BK, BL, BF. Then AD : DB :: AE : BF :: AN : BL. 

Whence the triangles ADN, BDL are similar, and AN is parallel to BL. Simi- 
kdy AM is parallel to BK; and hence the isosceles triangles MAN, KBL have the 
angles at then: vertices A, B, eqnial. The other angles therefore are equal, and the 
triangles are similar. Whence MN : KL :: AM : BK. 

Hence to draw a pair of common taiu^ents to two circles. 

Draw any two parallel radii AM, BK, join MK, AB and produce them to inter- 
sect in D. liien D is the point from which a pair of common tangents may be drawn 
to the two circles. The points of contact may be found by describing circles on BD, 
DA as diameters. 

68. Since the magnitude and position of the two circles are given, their radii 
and the distances of their centres are known. Let O, O' be the centres of the larger 
and smaller circles, join 00', O'G, from G draw GE to touch the larger circle in £. 
Join also OE, CO. Then Euc. m. 36. GA . GB = GE«, and from the right-angled 
triangles GE is known, also the ratio of GA to GB is given. Hence the probl^ is 
reduced to this : to find two lines which have a given ratio to one another^ and 
whose rectangle is equal to a given rectangle. 

69. Let A be the given point in the circumference of the circle^ G its centre. 
Draw the diameter AuB, and produce AB to D, taking AB to BD in the given 
ratio : from D draw a line to touch the circle in E, which is the point required. From 
A draw AF perpendicular to DE, and cutting the circle in G. 

70. See Problem 8, p. 348. 

71. Suppose the area of the grass-plot to be two-thirds of the rectangular field. 
Let HM, LM be two lines drawn from H, L points in AB, BG and parallel to 

the sides, cut off the rectangle HMLB equal to two-thirds of ABGD, Problem 95, 
p. 352. Bisect LG, AH m P, Q, and through P, Q draw PR, QR parallel to the 
sides and meeting in R. On BA, BG, take BS, BT each equal to A^ through S 
draw SX parallel to BG and meeting QR in X, and through T draw TYZ parallel 
to AB meeting SX in Y, and QR in Z. Then the rectangle RXYZ is equal to 
HMLB, and AQ is the width of the pathway round the grass-plot 

72. By means of Theorem 137, p. 362, tne ratio of the diagonals AG to BD may 
be found to be as AB.AD+BG. GD to AB . BE+AD.DG. figure, Euc. vi. D. 

73. The two hexagons consist each of six equilateral triangles, and the ratio, of 
the hexagons is the same as the ratio of their equilateral triangles. 

74. Let ABG be any triangle and D be the given point m BG, frt)m which lines 
are to be drawn which shall divide the trian^e into any number (suppose five) equal 
parts. Divide BG into five equal parts in E, F, G, H, and draw AE, AF> AG, 
AH, AD, and throudi E, F, G, H draw EL, FM, GN, HO parallel to AD, and 
join DL, DM, DN^ DO ; these lines divide the triangle into five equal parts. 

By a similar process, a triangle may be divided into any number of parts which 
have a given ratio to one another. 

75. Let ABG be the larger, ad c the smaller triangle, it is required to draw a line 
DE parallel to AG cutting off the triangle DBE equal to the triangle abc. On BG 
take BG equal to be, and on BG describe the triangle BGH equal to the triangle abc. 
Draw HK parallel to BG, join KG ; then the triangle BGK is equal to the triangle 
a be. On BA, BG take BD to BE in the ratio of BA to BG, and such that the rect- 
angle contained bv BD, BE shall be eoual to the rectangle contained by BK, BG. 
Join DE, then DE is parallel to AG, ana the triangle BDE is equal to abc, 

76. Let ABG be the given triangle which is to be divided into two parts ha^rg 
a g^ven ratio, by a line parallel to BU. Describe a semicircle on AB and divide Ab 
in D in thegiven ratio, at D draw DE perpendicular to AB and meeting the circum- 
ference in E, with centre A and radius A£ describe a circle cutting AB in F; the 
line drawn through F parallel to BG is the line required. 

In the same manner a triangle may be divided into three or more parts having 
any given ratio to one another by lines drawn parallel to one of the sides of tiie 
triangle. 



72 APPENDIX TO Euclid's eleubnts. 

77. This is & partictilar case of Prob. 1, p. 254. It will be found tbat the side 
of the square is equal to one-third of the hypotnenuse. 

78. The square inscribed in a riffht-anf|rled triangle which has one of its sides 
coinciding with the h^pothenuse, may Be shewn to be 1^ than that which has two of 
its sides coinciding with the base and perpendicuktr. 

79. Find M and N the sides of squares equal to the given triangle and the 

EVen area of the rectangle respectively ; from A draw AD perpendicular on BC the 
ise df the triangle ; on AD describe a semicircle, bisect the arc in £ and draw ED ; 
nert find a fourth proportional to M, N, and DE. In DB make DF equal to this 
line, and draw FGG' parallel to AD and cutting the semicircle in 6, G : then one 
side of the required rectangle passes through G. 

A second rectangle fiilfiUing the conditions is found by means of 6'. 
Hie limit of possibility is when FGG' becomes a tangent to the semidrcle; and 
the inscribed rectangle is then the greatest possible. 
Give the Analysis of the Problem. 

80. Take two points on the radii equidistant from the centre, and on the line 
joinin^f these points, describe a square ; the lines drawn from the centre through the 
opposite angles of the square to meet the circular arc, will determine two points of the 
square inscribed in the sector. 

81. Since the area of the triangle is g^ven, the side of the square which is dom- 
ble the area of the triangle is giveiL Find a thbrd proportional to the g^ven base, and 
the side of this square : this hne will be equal to the altitude of the trian(g^. 

82. The ndes of the three squares inscribed in the triangle may be shewn to be 
inversely as the three sides of the triangle respectively assumed as tne base. Hence 
that square is the greatest which is contiguous to the smallest of the three sides of the 
triangle. 

83. Let ABODE be the given regular pentagon. On AB, AE take equal dis- 
tances AF, AG, join FG, and on FG describe a square FGKH. Join AH and pro- 
duce it to meet a side of the pentagon in L. Draw LM parallel to FH mtt4Mtg AE 
in M* Then LM is a side of the mscribed square. 

84. Let ABC be the given triangle. Draw AD making with the base BC an 
angle equal to one of the given angks of the parallelogram. Draw AE parallel to 
BC and take AD to AE in the given ratio of the sides. Join BE cutting AC in F. 

85. The greatest parallek)gram which can be inscribed in a given triangle, is that 
which has one side parallel to uie base of the triangle, and terminated in the points of 
bisectbn of the sides. 

86. This is only a particular case of the general problem, when the rectilineal 
figures are a rifl^t-angled triangle and a square of given nlagnitudes. 

87. Let AB be me base of the segment ABD fig. Euc. in. 30. Bisect AB in 
C, take any point E in AC and make CF equal to C£ : upon EF describe a square 
EFGH : from C draw CG and produce it to meet the arc of the segment in K. 

88. This parallelogram may be proved to be a square. 

89. Anal^. Let ABCD be the given rectangle, and EFGH that neqturedy 
having the point E on AB, F on BC, &c,, and let LMKN be the parallelogram 
whose angular points, L, M, N, K are at the bisections of AB, BC, CD, DA 

Ihen HA.AE + EB.BF=fig. ABCD-fig. EFGH = a given area. 

Whence 2 . HK . EL = fig. ABCD - fig. EFGH - 2 . AK . AL. 

The rectangle of .the two distances HK, EL, from the middle of the sides is 
therefore given. 

Also by the omilar triangles HAE, EBF, may be deduced, 

LE«-HK« = AL«-AK«. 

Whence the rectangle, and the difference of the squares of LE, KH are given, 
to find the lines themsdves. 

90. In a straight line at any point A, make Ac to Ac? in the given ratio. At 
A draw AB perpendicular to cAa, and equal to a side of the given square. On cd 
describe a semicurcle cutting AB in b; and join be, bd; from B draw BC parallel 
to 6c, and BD parallel to ba: then AC, AD are the adjacent sides of the rectangle. 
For, CA is to AD as cA to Ad; Euc. vi. 2. and CA. AD"AB', CBD bdng 
a right-angled triangle. 

91. Let D be the given point within the triangle ABC. In the base BC take 
BX to BC as the part to be cut off is to the whole triangle. Join BX, and describe 
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the parallelogram BEFG equal to the triangle ABX, having the sides BE, B6 on 
BA, BC respectively, and the side £F passing through the point D. Draw DH 
parallel to AB, and on HG describe a semicirde, place HK in this semicircle, equal 
to HB» join GK, and with centre G and radius GK describe a circle cutting BU in 
Ly M ; the line drawn from L or M through D, cuts off the required part from the 
triangle ABC. Give the analysis. 

92. A mean proportional betweeu two homologous sides of the polygons, will be 
the conesponding si^ of the required polygon. 

93. Analysis. Let ABCD be the given rectangle, and EFGH that to be con- 
structed. Then the diagonals of EFGH are equal and bisect each other in P the 
centre of the given rectangle. About EPF descnbe a circle meeting BD in K, and 
join KB, KF. Then since the rectangle EFGH is given in species, the angle EPF 
formed by its diagonals is given; and hence also the opposite angle EKF of the in- 
scribed quadrilatCTal PEKF is given. Also since KP bisects that angle, the angle 
PK£ is given, and its supplement BKE is given. And in the same way, KF is 
parallel to another given line ; and hence EF is parallel to a third given line. Again, 
the ansle EPF of 3ie isosceles triangle EPF is given; and hence the quadrilateral 
EPFiC is given in species. 

94. Biference may be made to Euc. vi. 31. 

95. It is manifest that this is the general case of Prob. 3, p. 331. 
If the rectangle to be cut off be two-tmrds of the ^ven rectangle ABCD. 
Produce CB to E so that BE may be equal to a side of that square which is equal 

to the rectangle required to be cut off; in this case, equal to two thirds of the rectangle 
ABCD. On AB take AF equal to AD or BC ; bisect FB in G, and with centre G 
and ra^us GE describe a semicircle meeting AB^ and AB produced, in H and K. 
On CB take CL equal to AH and draw HM, LM parallel to the sides, and HBLM 
is two-thirds of the rectangle ABCD. 

96. Draw anv diameter AB, in AB take any point O, and through C draw 
DCE perpendicular to AB, malang CE and CD each equal to half of AC. Join 
AD, AE and produce them to meet the circumference in F, G. Join FG. 

97. Draw any diameter AB of the given circle ; on AB take AC to AB as 4 to 
5, and draw DCE perpendicular to AB. Join AE, EB, BD, BA, and the isosceles 
triangle AED is four times the isosceles triangle EBD. 

98. In the figure Euc. m. 30 ; 6om C draw CE, CF making with CD, the 
angles DCE, DCF each equal to the angle CDA or CDB, and meeting the arc ADB 
in E and F. Join EF, the segment of the circle described upon EF and which passes 
through C will be sinular to the segment ADB. 

99. The side of the equilateral triangle is one-third, and the side of the regular 
pentagon is one-fifth of the given line. The radii of their inscribed circles may be ex- 
pressed in terms of the sides of the triangle and penta gon respectively : and the nume< 

rical ratio of the radii wiU be found to be as 5 /^5 - V^ ^ v ^1* 

100. By means of the similar triangles it may be proved that of any three of the 
consecutive circles, the sum of the radii of the first and second, is to thdr difference, 
as the sum of the radii of the second and third, is to their difference. 
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3. This b the converse of the Cor. Euc. vi. 1, and may be proved indirectly. 

4. See Note p. 5, Appendix. 

6. See Note Euc. vi. A, p. 203. 

6. The lines drawn making equal angles with homologous sides, divide the tri« 
angles into two corresponding paira of equiangular triangles ; by Euc. vi. 4, the pro- 
portions are evident. 

7. Let DE be the position of the given line and B the ^ven point through 
which the parallel is to pasp. Stretch the string from B to D and take a continued 
lengdi DA equal to DB. From A take any length to meet DE in any point E, and 
take a continued length EC equal to EA: the line joining B and C is parallel to DE. 

K 



1 
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8. All the paralldograms are maoifestlv similar and similarly situated with re- 
spect to each other: and every 4, 9, 16, 20, &c. of the smaller ones, form parallelo- 
grams similar to each other and the smaller one. 

9. Jom BC, DC. Draw AF intersecting DC in G, and let AF produced meet 
BC in H. Then DC is parallel to BC, and from the similar triangles FDG, FHC ; 
FDE, FBC; ADE, ABC; FC may be shewn to be equal to m . FD: and 
DC=FC+DF. 

10. Join ba cutting AE in F. Then' by the similar triangles D6F, DFC; 
D6a, DBC; A6a, ABC; n.FE = Cfi+l).DE, and DE = AE-AD. Also fixim 
the similar triangles Aba, ABC; n . FEa(n-l) . AE. Whence is shewn 
2. AE==(n + l). AD. By means of the Theorem 160, p. 364, and Euc. yi. 2, (for 
ba is parallel to BC) BC may be proved to be bisected in E. 

11. By constructing the figure, the angles of the two triangles may easily be 
shewn to be respectively equal 

12. The area of a right^mgled triangle bdng half of the rectangle contained by 
the base and perpendicular ; the sum of the series of triangles will be found to depend 
upon the sum dT the series 1 + ^ + i+ &c. continued ad ii:&nitum. 

13. This may be shewn from Euc. i. 47; vi. 4, 16. 

14. Let ABCD be a square and AC its diagonal. On AC take AE equal to the 
side BC or AB : join BE and at E draw EF perpendicular to AC and meeting BC 
in F. Then EC, the difference between the diagonal AC and the side AB of the 
square, is less than AB ; and CE, EF, FB may be proved to be equal to one another : 
also CE, EF are the adjacent sides of a square whose diagonal is FC. On FC take 
F6 equal to CE and join EG. Then as in the first square, the difference CG be- 
tween the diagonal FC and the side EC or EF, is less than the side EC. Hence EC 
the difference between the diagonal and the side of the given square, is contained 
twice in the side BC with a remainder CG : and CG is the difference between the side 
CE and the diagonal CF of another square. By proceeding in a similar way, CG 
the difference between the diagonal CF and the side CE, is contained twice m the 
side CE with a remainder : and the same relations may be shewn to exist between 
the difference of the diagonal and the side of every square of the series which is so 
constructed. Hence, therefore, as the difference of the side and diagonal of every 
square of the series, is contained twice in the side with a remainder, it follows that 
there is no line whidb exactly measures the side and the diagonal of a square. 

15. In the arc AB (fig. Euc. iv. 2) let anv point K be taken, ana from K let 
KL, KM, KN be drawn perpendicular to AB, AC, BC respectively, produced if 
necessary, also let LM, LN^bejoined, then MLN may be shewn to be a straight line. 
Draw AK, BK, CK, and by £uc. m. 31, 22, 21 ; Euc. i. 14. 

16. Join AL, and produce it to meet the base BC in G. Join also DF inter, 
secting AG in M. Then every line DF drawn parallel to the base BC is divided in 
the same proportion as the segments of the base made by a line drawn from the ver- 
tex of the triangle. Then conversely, if this proportion hold good, the line joining 
the points L, G must pass through A. 

17. Divide the given base BC in D, so that BD may be to DC in the ratio of 
the sides. At B, D draw BB', DD' perpendicular to BC and equal to BD, DC 
respectively. Join B'D' and produce it to meet BC produced in O. With centre O 
and radius OD describe a circle. From A any point in the circumference join AB, 
AC, AG. Prove that AB is to AC as BD to DC. Or thus. If ABC be one of the 
triangles. Divide the base BC in D so that BA is to AC as BD to DC. Produce 
BC and take DO to OC as BA to AC : then O is the centre of the circle. 

18. A circle may be described about the four-sided figure ABDC. By Euc. c. 
13; Euc. m. 21, 22. The triangles ABC, ACE may be shewn to be equiangular. 

19. Let ABC be the given triangle, and let the hne EGF cut the base BC in G. 
Join AG. Then by Euc. vi. 1, and Theo. 85, p. 358, it maybe proved that AC is to 
AB as GE is to GF. 

20. Since CE is equal to CA, the triangles CAB, CED are similar, Euc. Ti. 6, 
and by Euc. i. 5, 32, the triangles CAB, DCB may be shewn to be similar. 

21. Let ABC be the triangle, right-angled at C, and let AE on AB be equal to 
AC, also let the line bisecting the angle A, meet BC in D. Join DE. Then the 
triangles ACD, AED are equal, and ue triangles ACB, DEB equiangular. 



HINTS TO THB THEOREMS. BOOK YI. 75 

m 

22. Let ABC be any triangle, let BD be drawn parallel to AC and equal to 
AB, and C£ parallel to AB and equal to AC. Join DC» BE intersecting AB, AC 
in F, G respectively. Then by means of the similar triangles, two proportions may 
be found mm which it may be proved that AF is equal to AG, ana thEit either is a 
mean proportional between BF and CG. 

23. See Theorem 16, p. 308. 

24. If the property be assumed to be true; then by Euc. vi. 16, it follows that 
the difference of the squares of the sides of the triangle, is ^ual to the difference of 
the squares of the segments of the base ; and therefore the difference of the squares of 
one side and the adjacent segment of the base, is equal to the difference of the squares 
of the other side and its adjacent segment of the base. Whence it follows, that the 
line drawn from the vertex of the triangle to the point of section of the base, is per- 
pendicular to the base. 

25. Let BCDE be the square on the side BC of the isosceles triangle ABC, 
Then by Euc. vi. 2, FG is proved paraM to ED or BC. 

26. Let the n^ part of the given line be cut off by Euc. vi. 9, then by Euc. 
n. 1. 

27. The case in which the two angles are equal is proved m Euc. vi. 15, the case 
where one angle is the supplement of the other offers no difficulty. 

28. Produce EG, FG to meet the perpendicidara CE, BF, produced, if neces- 
sary ; the demonstration is obvious. 

29. Let the perpendiculars from B, C the angles at the base, meet the line bisect- 
ing the vertical angle A in E, F ; and let the line oisecting the vertical angle, meet the 
base in D. Then twice the area of the triangle ABC is the sum of the rectangles con- 
tained by AD, BE and AD, CF. The triangles AFC, AEB are equiangular, as also 
the triangles CFD, BED. 

30 This property is a particular case of Euc. vi. 2. 

31. The Imes join'mg the bisections of every two sides may be proved parallel to 
the remaining side of the triangle, and the equality of the triangles may be inferred 
from Euc. i. 38. 

32. Draw AF, and the triangle AFC is equal to the triangle ABD; therefore 
the ratio of the triangle FCE to ABD is known. The numerical value of the ratio 
may be found from the note on Euc. ii. 11, p. 72. 

The second property is obvious from the similarity of the triangles. 

33. This property may be deduced directly from Euc. vi. B, 3. 

34. This property may be immediately deduced from Euc. vi. 8, Cor. 

35. From D draw DE perpendicular to AB, then DE is equal to DC. 

And by Euc. vi. 3, 4, DC : AC :: BE : BC. 

Whence may be shewn, AC" : AD' :: BC : BE^BC^ 

also BE* = BD' - DE' = BD' - DC* = (BD + DC) . (BD - DC) = BC . (BD - DC). 

Whence it follows that AC : AD' :: BC : BC (BD - DC + BC) :: BC : 2 . BD. 

36. Let the line DF drawn from D the bisection of the base of the triangle 
ABC, meet AB in E, and CA produced in F. Also let AG drawn parallel to BC 
from the vertex A, meet DF in G. Then by means of the similar triangles; DF, 
FE, FG may be shewn to be in harmonic proportion. 

37. See Euc. vi. A, note, p. 204. 

38. Produce AC to G. Then the angle BCG is bisected by CF, Euc. vi. A, 
and the angle ACB by CE. Euc. vi. 3. 

39. I^e angle at A the centre of the circle (fig. Euc. iv. 10) is one tenth of four 
right angles, the arc BD is therefore one tenth of the circumference, and the chord 
BD is the side of a regular decagon inscribed in the lai^er circle. Produce BC to 
meet the circumference in F and join BF, then BF is the side of the inscribed pen- 
tagon, and AB is the side of the inscribed hexagon. Join FA. Then FCA may 
be proved to be an isosceles triangle and FB is a line drawn from the vertex meeting 
the base produced. If a perpendicular be drawn from F on BC, the difference of 
the squares of FB, FC may be shewn equal to the rectangle AB, BC, (Euc. i. 47 ; 
n. 5, Cor.); or the square of AC, Euc. iv. 10. 

40. The triangles formed by drawing the successive perpendiculars may be 
shewn to be equiangular, and each equiangular to the originsd triangle. 
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41. Draw the perpendicular CE from C on the base AB. 
Then CB« =: CD» + BD* + 2 . BD . DE. Euc. ii. 1 2. 

and AC" = CD" + AD* - 2 . AD . DE. Euc. ii. 1 3. 
Multiply the former by AD, and the latter by BD, and add the results, 
andAD.BC«+BD.AC»=CD'(AD + BD)+AD.BD(BD+AD) 

= CD'.AB + AD.BD.AB. 

This result is Prop. n. of Matthew Stewart's General Theorems. 

The Anal3rtical Discussion of Matthew Stewart's Greneral Theorems by T. S. 
Davies^ Esq., F.R.S., will be found at p. 573, &c. VoL XV. of the Transactions of 
the Royal Society of Edinburgh. 

42. The segments cut fiS from the sides are to be measured from the nght 
angle, and by similar triangles are proved to be equal ; also by similar triangles, eitner 
oT them is proved to be a mean proportional between the remaining segments of the 
two sides. 

43. The triangles HCF, ABF may be shewn to be eouiangular. 

44. Draw FGperpendicular to B A, and FH perpendicular to CE. From the 
similar triangles AED, AGF, BFG, BCE ; DE : CE :: BG : AG. 

But BG=AE-EG=AE-FH, and AG = AE+EG = AE + FH. And from 
the similar triangles CFH, CEA, AC : CF :: AE : FH. Whence may be deduced 
the proportion DE : EC :: AC-CF : AC + CF. 

45. This theorem is the same as theorem 19, p. 354, under a slightly modified 
foimofezpiesfiion. 

46. Assuming the truth of Theorem 35, page 355, namely, 

AC^ AD* :: BC : 2.BD; .'. 2. AC" : AD' :; BC : BD, 

whence 2 . AC' - AD« : AD* :: BC - BD : BD, 

and since 2.AC»-AD*=2.AC«-(AC»+DC«)=AC*-CD», 

the propertv is immediately deduced. 

4/. Tne enunciation of this theorem does not seem definite, 

48. See Theorem 2, page 305. 

49. Each of the lines may be proved to be divided at the point of intersection 
in the ratio of 2 to 1. 

50. This theorem bears the same relation to Euc. vi. B as Euc. vi. A does to 
Euc. VI. 3. Describe a circle about the triangle ABC, produce EA to meet the cir- 
cumference again in F and join FC. Then by the similar triangles BEA, FCA ; the 
rectan^e BA, AC is equal to the rectangle AE, AF. By Euc. in. 36, Cor. the rect- 
angle FE, EA is equal to the rectangle BE, EC. And since FE is divided in A, 
Euc. n. 3, the rectangle FE, EA is equal to the rectangle EA^ AF together with,^the 
square of AE. Hence, &c. 

51. In the figure. Theorem 45, p. 302, draw PQ, PR, PS perpendiculars on 
AB, AD, AC respectively : then since the triangle PAC is equal to the two triangles 
PAB, PAD, it follows that the rectangle contained bv PS, AC, is e(jual to the ^ufii 
of the rectangles contained by PQ, AB, and by PR, AD. When is the rectangle 
by PS, AC, equal to the difference of the other two rectangles ? 

52. Suppose Bfh to intersect EF, EG, EH in /, g, h, and to meet EK in K. 
Through h draw hkl parallel to EB or AC and km parallel to EF. Then by means 
of the similar triangles may be proved, that B/ is to /A as /^r is to 2mg. Whence 
B/is to B A Sisfg is to gh, since 2mg is the difierence between fg and gh. 

Again, draw Hn paraQel to Gg, and by a similar process is proved, B^ is to 
BK as gh to^K. The line Bfh might be drawn so as to meet any one of the 
equidistant points in tiie given line AC. 

53. The angles made by the four lines at the point of their divergence remain 
constant. See Note on Euc. vi. A, p. 203. 

54. The triangles AEC, CBE may be shewn to be equiangular. Then Euc vi.4. 

55. This is an extension of theorem 49, page 356. If the base BC of the tri- 
angle ABC be produced to £, so that CE is equal to BC, and AC be bisected in D, 
then if BD be joined and produced to meet AE in F, then AF is one half of FE. 

56. If the vertex of the triangle be in one of the sides, the inscribed square is 



HINTS TO THE THBOREMS. BOOK VI. 77 

greatest when its altitude is ^(reatest^ or when the base of the triangle coincides with 
3ie base of the square. Every other inscribed triangle may be shewn to be less than 
this tnangle. 

57* Let ABGDEF be any hexagon inscribed in a circle, and let the opposite 
sides AB, DE; BC, FE; CD, FA whennroduced meet in P, Q, R r^pectivdy. 
Produce AB^ DC to meet in a, and EF botn wa^rs to meet BAP in b and CDR in c. 
Hien by Eucin. 36, and considering a6c as a triangle intersected by the transversals 
P£D, QCB, RFA respectively: it may be proved that aP. 5 Q.cR^P&.Qc. Ro, 
which is the condition fulfilled when a straight line intersects the three sides ab,aeybc 
of the triangle produced, in the points P, Q, R. See Appendix^ p. 20. 

58. The hexagon is not necessarily regular. By joimngthe points of contact, the 
three diagonals may be proved to intersect in one point by means of poles and pobrs. 

59. The square inscribed in the circle may be shewn to be equal to twice the 
square of the radius, and five times the square inscribed in the semicircle, to four 
times the square of the radius, 

60. The three triangles formed by three sides of the square with s^^ments of the 
sides of the ^ven triangle, may be proved to be similar. Whence by Euc. vi. 4, the 
truth of the property. 

61. By constructing the figure, it may be shewn that twice the square inscribed 
in the quadrant is equal to the square of the radius, and that five times the square 
inscribed in the Bemicircle is equal to four times the square of the radius. Whence 
it follows that, &c. 

62. Bj Euc. 1. 47, and Euc. vi. 4, it may be shewn that four times the square of 
the radius is equal to fifteen times the square of one of the equal sides of the triangle. 

63. See Problem 30, page 334. 

64. The triangle cut off may be proved to be one-fourth of the given triangle. 

65. In the figure Euc. iv. 7. Draw AD, then AD is the side of the inscribed 
square. Join EF, meeting AD in h, and the circumference in M, and draw AM ; 
AM is the ode of the inscribed octagon. Tlien it may be shewn that Ai : A :: EL : £ A, 
andA:Aa::EA:EF; also since the triangles ELA^EFA are similar, EL :EA::EA:EF. 
Whence it follows that, &c. 

66. The intersection of the diagonals is the common vertex of two triangles 
which have the parallel sides of the trapezium for their bases. 

67. From one of the given points two straight lines are to be drawn perpendi- 
cular, one to each of any two adjacent sides of the parallelogram ; and from the other 
point, two lines perpendicular in the same manner to each of the two remaining 
sides. When these four lines are drawn to intersect one another, the figure so formea 
may be shewn to be equiangular to the given parallelogram. 

68. Suppose the side AD greater than BC, and from B, C^ draw BE, CE** 
perpendiculars on AD. Then by the right-angled triangles, &c. 

69. Let AK be any rectangle contained by two hnes AB, BC, and CK, AE 
the squares ujjon BC, AE. Then by Euc. vi. 1. 

70. This is only another form ot stating the general property of three lines in 
harmomcal proportion. It may be deduced from we note to Euc. vi. A^ page 203. 

71. There appears to be some inaccuracy in the enunciation : for four lines PA, 
PB, PC^ PD in harmonical proportion cannot be drawn from a point P to meet 
a straight line in four points A, B, C, D taken in order. 

72. See Appendix, p. 20. 

73. Let the figure be drawn, and let HP, KQ, LR, when produced, meet in O : 
also let KH, PQ meet m M; HL, PR in N; KL, QR in S. Then, since the 
triangles HKO, KLO, HLO, are cut by the transversals, PQM, QRS, PRN re- 
spectively; therefore 

KQ OP HM^ KQ OR LS LR OP HN 

QOPHMK ' QO'RL'SK" ' RO'PHNL- ' 

whence is deduced ^rriF . -irr • iCTTi = 1 > which is the condition fulfilled when the 

MK SL NH 

three sides of the triangle HKL are produced, and are cut by a transversal in the 

points M, N, S. Hence the points M, N, S are in a straight line. 

74. Let a point m be taken in CD, and mpq he drawn parallel to AB, and 
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intersecting F£, HG» in p,a: through 9, let r 95 he drawn parallel to CD, and in- 
tersecting £F, AB 'mr,s; tnen mp : pq :: sq : qr, may he proved from the similar 
triangles. In the same manner, if tnrough 8,tsvhe drawn parallel to £F, and inter- 
secting GH, CD in t, v, then qa : qr :: is : sv, and similarly if a line he drawn 
through V parallel to the line next in order, &c. 

75. See note to Euc. vi. A, page 203. 

76. Let ABC he the triangle, M the middle pdnt of BC, and AD»2.DM; 
draw AK, PL parallel to the hase, the former meedng £F produced in K, and the 
latter through D meeting AB and AC in P and L. Then PD=: PL, and hy the 
similar trianffles K£ . FD = KF . £D, or DF . (KD - DE) = (KD + DF) . D£; whence 
is deduced tne equality required. 

77. This is the same property as that enunciated in Tlieorem 53, page 356, in. 
a slightly altered form of expression. 

78. Let AB, CD intersect each other in £, and he terminated hy two unlimited 
lines given in position : and let aft, cd he drawn parallel to AB, CD respectively, in- 
tersecting each other in e, and also terminated hy the two given hues. Then hy the 
similar triangles and the composition of the ratios. 

79. Let PA, PB, PCf, PD he four strai^t lines drawn from P, and let 
mpq he drawn parallel to PA and meeting PB, rC, PD in m, p, 9, so as to he 
hisected hy PC in p. Through p draw any line £F^ G meeting the other three lines 
in£, F, G. ThenEGisdivMedharmonicaUyinF,;!. 

80. By converting the proportion hy Euc. vi. 16, and ohserving that 

DB=DC+CB, CB-AC + 2.CE and AD-DC-AC. 

81. Constructing the figure, the ri^ht-angled triararles SCT, ACB may he 

E roved to have a certain ratio, and the trmngles ACB, CPM in the same way, may 
e proved to have the same ratio. 

82. Draw DG perpendicular on AE. The triangle CDB is isosceles and DF 
is drawn from the vertex perpendicular on the hase : also the triangles DFB, DAB are 
equal in all respects. Hence CF, FB, AB, are equal to one another, and AB is half 
of BC. Similarly BE is half of AB. Then from the similar triangles AGD, FDB, 
the property may he deduced. 

83. See Note Euc. vi. A, p. 203. The bases of the triangles CBD, ACD, 
ABC, CDE may be shewn to be respectively equal to DB, 2.BD, 3.BD, 4.BD. 

84. The triangles DOE, EOB are readily proved to have the same ratio as the 
triangles EOB, BOA by Euc. vi. 1. 

85. This property follows as a corollary to Euc. vl 23, for the two triangles are 
respectively the halves of the parallelograms, and are therefore in the ratio compounded 
of the ratios of the sides which contain the same or equal angles : and this ratio is the 
same as the ratio of the rectangles by the sides. 

86. Let the figure be constructed, then from the three similar right-angled tri- 
angles, Euc. VI. 19. 

87. Since the three rectangles are equal, AB . AG = CD . CH = EF . EK. Hence 
AB : CD ;: CH : AG and CD : EF :: EK : CH. Then supposing EK- CH=CH- AG, 
there may be deduced AB - CD : CD - EF :: AB : EF. And conversely. See Note 
on Def. III. and Prop. A, p. 203. 

88. Every triangle may be shewn to be four times the area of the triangle about 
which it is described. 

89. Let C, C be the centres of the two circles, and let CC the line joining the 
centres intersect the common tangent PP' in T. Let the line joining the centres cut 
the circles in Q, Q', and let PQ, P'Q' be joined : then PQ is paralld to FQ'. Join 
CP, CF, and then the angle QFf may be proved to be equal to the alternate angle 
v( Mr JL . 

90. Let C, C, C" be the centres of the three circles ; C is the centre of the 
largest, C" of tiie smallest Let the tangents to the circles whose centres are C, C'; 
C, C" ; C', C" meet in A, B, C respectively. Join the points A, B, C ; then AB shall 
be in the same straight line as BC. Join C, C, C" and produce CC, CC", CC" 
these lines meet the tangents in A, B, C respectively. ITirough C draw C£ parallel 
to AB, then BC may be proved also parallel to CE. 

91. Let the chord AB be bisectea in E by the chord CD. Let the tangents at 
Ay B meet in P, and the tangents at C, D meet in Q, join PQ, and PQ is parallel 
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to ^B. Join P£ and prodace it to the centre O, also join OQ cutting CD in F. 
Draw the radii OC, OA. Then the triangles OFE, OPQ are eouiangular and right- 
angled, also the right angle B£P is equal to the alternate angle EPQ. 

92. Let two circles whose centres are C, C' cut one another. Let any two 
points P, Q, be taken in the circumference of one, and tangents be drawn at P, Q. 
Take F^ Q' points in the circumference of the other^ such that the tangents at F, Q' 
Tosy be parallel to the tangents at P, Q. Draw PF intersecting CC in D. Join 
QD, Q.U. If QX)Q! can be proved to be a straight line^ then QQ', and PF inter- 
sect CC in the same point. 

Join PC, VO, and by the similar triangles PCD, FC'D the other property is 
deduced. 

93. Join AB, and divide it in C so that AC is to BC as AP to BP : and if in 
AB produced^ £D be taken to BD, as AP to BP; the point D may be proved to 
be the centre of the circle whkh is the locus of the point of intersection of die two 
lines. If the lines be equal, the locus is a straight line. Give the analysis of both 
cases. 

94. The arithmetical ratio of r . r* to J . a' may be deduced from Theorem 137^ 
p. 362, £uc. rv. 4, and note to £uc. n. 11, p. 72, 

95. This Theorem is the same as Theorem 123, p. 361. 

96. By means of £uc. iv. 4, and Theorem 137, p. 362, this Theorem may be 
shewn to be true. 

97. This is the same as Theorem 103, p. 360, under a slightly varied form of 
expression. 

98. Let a tangent be drawn to touch the circle at P, and let PM be drawn per- 
pendicular to the mameter ACB, C being the centre of the circle. At A^ C, B, draw 
lines perpendicular to the radius meeting the taqzent at P in A', C, B'. llien AA', 
MP, CC', BB' are proportional. Draw A'R, PQ parallel to AB and meeting PM, 
BE' in Ry Q respectively. Then by the similar triangles PA'R, BTQ, the required 
proportion may be deduced^ observing that A'A is equal to AT ; B'P to B'B, and 
CC an arithmetic mean between AA and BB'. 

99. The lines so drawn may be proved by £uc. vi. 3, to be proportional to the 
segments of the base of the triangle S£Lt, Theorem 123, p. 361. 

100. Let any tangent to the circle at £ be terminated by AD, BC tangents at 
the extremity of the diameter AB. Take O the centre of tne circle and join OC, 
OD, 0£ : then ODC is a right-angled triangle and 0£ is the perpendicular from 
the right angle upon the hypothenuse. 

101. Let BA, AC be tne bounding radii, and D a point in the arc of a quadrant 
Bisect BAC by A£> and draw through D, the line HDGP perpendicular to A£ at 
6, and meeting AB, AC^ produced in H, P. From H draw HM to touch the circle 
of which BC is a quadrantEd arc ; produce AH, making HL equal to HM, also on 
HA, take HK equal to HM. TTien K, L, are the pomts of contact of two circles 
through D which touch the bounding radii, AB, AC. 

Join DA. Then, since BAC is a right angle, AK is equal to the radius of the 
circle which touches BA, BC in K, K' ; and similarly, AL is the radius of the circle 
which touches them in L, L'. Also, HAP being an isosceles triangle, and AD is 
drawn to the base, AD' is shewn to be equal to AK . KL. £uc. ni. 36 ; ii. 5, Cor. 

102. The radius of the second circle is half the radius of the first, the radius of 
the third half that of the second circle, and so oil The radii of the second, third, 
&c. cirdes form a Geometric series. 

103. Let O, O' be the centres of the inscribed and escribed circles. Join ODj, 
OB, O'B, ODs. Then the triangles OBDi, OBD^ may be shewn to be similar; 
whence may be shewn BDi . BDs = R . r. And by joining 0£, OC, O'Ci , O'E^ » 
in a similar way may be shewn, R • r =« C£i . Cfig. 

104. By the point C is to be understood that in which BD cuts the quadrant 
ACB. Complete the semicircle BAG, BG being the diameter and £ the centre. 
Join AC, AG; then by means of the quadrilateral ACBG inscribed in the circle, 
DCA may be shewn to be half a right angle : also ADB a right angle subtended by 
AB. Hence the bcus of D is a semicircle; and the ratio of AB to BG may be 

shewn to be as 1 : \/2. 

105. Through £ one extremity of the chord £F, let a line be drawn parallel to 
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one diameter, and interBecting the other. Then the three angles of the two tnangles 
may be shewn to be respectively equal to one another. 

106. This is a repetition of Theorem 99, p. 359, under a somewhat different 
form of expression. 

107. Let the tangents at A and C, A and B, B and C, meet in the points G, 
H, K, respectively. 

Since the transversals FC, DA, £A intersect the triangle HKG, 

GF HB KC HA5P!E?-i HE KC GA ^ 

FRBKCg"" ' AGDKBH" ' EKCGAH ^' 
and observing that HA » HB, KB»KC, GC»GA; 

, GF HE KD _ 

''^"^FHlKDG-^* 

which b the condition fulfilled when a transversal intersects the three sides AB, AC, 
CB produced of the triangle, in the points D, £. F. (See Appendix, p. 22.) 

108. It may be proved that the vertices of the two triangles whicn are similar in 
the same segment of a dide^ are in the extmnities of a chord parallel to the chord of 
the given B^gtpenU 

109. Iriis is the converse to Euc. vi. D, and may be proved indirectly. 

110. Since the lines joining B, C, D, are equal, the consequence is obvious 
from the Proposition. 

111. Pernaps the simplest mode of shewing the truth of this property is by 
means of transversals. The triangles CBP, BAQ are cut by the transversals ADC^ 
CDP, respectivdy. 

Whence BA.PD.CQ=AP. DC. QB,andBC.QD.PA*CQ. DA. PB: 
from which the required proportion may be deduced. 

112. Lrt the une AD drawn from the vertex A, meet the base of the isosceles 
triangle ABC in D, and let AD produced meet the circumference of the circumscribed 
circle in E. Then by Euc. u. 3 ; in. 35, and Theorem 27, p. 309. 

113. This follows at once from Euc. ni. 36, 37. 

114. Correct the enunciation thus : — Let AD, FC, meet in P, and AE, BK in 
Q : then the points P, Q, B, C, E, D are in the circumference of one circle. For let 
FC meet AB in R. Then it has been proved^ Euc. i. 47, that the angle BFR is 
eqwd to RAP. Also the angles FRB, ARP are equal; wherefore theanglra FBR, 
APR are equal, and hence APR is a right angle. Whence, again, DPC is a right 
angl^ and equal to DBC. It is hence m the same semicircle on DC ; that is, in 
the circle BCED. In the same manner Q may be shewn to be in the same 
drde BCDE. 

115. Let ABC be a triangle, and let the line AD bisecting the vertical angle A 
be divided in E, so that BC : B A + AC : : AE : ED. By Euc. vi. 3 may be deduced 
BC : BA + AC : : AC : AD. Whence may be proved that CE bisects the angle ACD, 
and Euc. iv. 4, that E is the centre of the inscribed circle. 

116. For *' bisected,'' read " divided into parts, one of which is double the other^ 
the smaller segment being estimated from the centre of the circle." 

Let ABC De the triangle; Q the centre of the circumscribing circle ; P the inter- 
section of the perpendiculars BG, CH : D, E the middle points of BA, CA ; divide 
PQmR,sothatTR»2.QR; and join BR» RE : also draw DQ, QE, ED. Then 
the triangles BPC, EQD may be shewn to be equiangular, and hence BP = 2 . QE. 

Again, PQ meeting the parallels QE, BP, the angles RQE, RPB are equal ; and 
by hypothesis RP - 2 . RQ : whence the sides about uie equal angles areproportional, 
that 18, EQ : QR :: BP : PR, and the angles QRE, PRB are equal. The points B, 
R, E are therefore in one line. The same triangles mve PR : RQ:: BR : RE, and 
hence BR » 2 . RE ; or the point R is distant from B, two-thirds of the line BE 
drawn to the middle of the opposite side AC. 

117. If the extremities of the diameters of the two circles be joined by two 
straight lines, these lines may be proved to intersect at the point of contact of the two 
circles ; and the two right-angled triangles thus formed may be shewn to be similar 
by Euc. ni. 34. 

1 18. From the centres of the two cirdes let straight lines be drawn to (he extre- 
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niities of the sides which are opposite to the right angles in each triangle, and to the 
points where the circles touch these sides. Then hv similar triangles. 

119. Let DB, D£, DCA he the three straight lines, fig. £uc. m. 37 ; let the 
points of contact B, £ he ioined hy the straight hne BC cutting DA in G. Then 
bD£ is an isosceles trianffle, and DG is a line from the vertex to a point G in the 
base. And two values of the square of BD may be found, one from Theo. 27, p. 309 ; 
£uc. ui. 35 ; n. 2 ; and another from £uc. in. 36 ; u. 1. From these may be de- 
duced, that the rectangle DC, G A is equal to the rectangle AD, CG. Whence the, &;c. 

120. Let the arc A£ be double the arc AB of the circle whose centre is C. 
Let CD, CF, be the perpendiculars on the chords of the arcs AB, A£. Produce CF 
to meet the circumference in B and G, join GA and draw CH perpendicular to GA. 
The proportion is deduced from the similar triangles CBD, GFA. 

121. Draw FG to bisect the angle DF£, and draw DK, £H perpendicular on 
FG; and let FK meet AB in G. 

llien 2.GB : BF ;: 2.HE : FE, and 2. AG : AF :: 2.DK : FD ; 

by similar triangles : and by compounding these proportions, observing that AF s^ ¥B, 
AG » GB, and 4.HE.DK » 4.DC.CE, there resuUs 

AB' : AF« ;: 4.EC.CD : FD.FE ; similarly BC« : CE» :: 4.FA. AD : FE.ED ; 

whence AB» : BC» :: DE.FA : £C.DF. 

122. This is manifest from £uc. ui. 36, 37. 

123. Join 0£. Then 0£ is equal to OA, and Euc. vi. 6, the triangles OES, 
OL£ are equiangular. Whence it may be shewn that the anffle S£L is bisected by £ A. 

1 24. Let BD touch the inner semicircle in £^ and let O be its centre. Join 0£. 
The triangles DAB, EOB are eouiangular. 

125. Let ABC be the triangle, and F a point in its base BC ; 

let the circles AFB, AFC be described, and their diameters AD, AE, be drawn; 

then DA : AE :: BA : AC. 

For join DB, DF, £F, EC, the triangles DAB, EAC may be proved to be similar. 

126. In the enunciation, for "two circles" read ''two equal circles, whose 
centres lie on opposite sides of the line ABCD." 

The proof offers no difficulty. In every other case the theorem does not hold ((ood. 

127. Let the figure be constructed, and the similarity of the two triangles will be 
at once obvious from Euc. in. 32 ; Euc. i. 29. 

1 28. Let the fi^rure be drawn, and BC, CD, BD be joined. Then ABCD is a 
quadrilateral figure mscribed in a circle, and BD^ AC are the diagonals. By Euc. vi. 
1>, 17, the first proportion is deduced ; and the other in a similar way. 

129. Let the figure be drawn, and join HI. Then £F, HI are parallel to KN, 
a side of the triangle BKN. Euc. in. 37 ; vi. 2. 

1 30. Let O be the centre of the inscribed circle DEF, and P that of the escribed 
cbde HIK ; these are in the line bisecting the angle C. Join MB, LA cutting COP 
in N and R; draw the several radii to the points of contact ; and join OA, OB, PA, 
FB. Then prove that FK is equal to the difference of the sides AC, CB ; and there- 
fore to AM. Next, the lines BM, AL are perpendicular to CP, which bisects the 
common vertical angle, and CNB, CRL are right angles, as are also the angles made 
by OF, AB. Describe semicircles about ONFB and OFRA, and join NF, RF. 
Then the uigle AFR= AOR= BOF» BNF ; and the alternate angles FAR, FBN 
are equal. Tne triangles AFR, BNF are therefore equiangular, and AR : AF:: FB : BN; 
also 4. AF.FB = 4.AR.BN = AL.BN. 

131. By Euc. IV. 4, twice the area of the triangle is e^ual to the rectangle 
contained by the sum of the sides and the radius of the mscribed circle. By 
Theorem 137, p. 362, the area is expressed in terms of the sides and the radius of 
the circumscribed circle. Whence the prooerty required may be deduced, observing 
that one of the sides of the triangle is half tne sum of the other two sides. 

132. Since the line mnp is a transversal to the triangle ABC ; An .Cp.Bm 
nmnC.pB. m A ; and by Euc. ni. 36, the values of tp', t^', t^f may be expressed in 
terms of An, nC, &c. : whence the property may be deduced. 

133. Let A be the centre of the circle whose circumference passes though B the 
centre of the other circle, and CD the line which joins the intersections of the two 
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drdes ; draw BF cutting the first circle in F and the second in £, and draw EG 
perpendicular to CD: then FE : £6 is a given ratio. 

For, join BC, CF, FD, CE, and draw £P perpendicalar to CF. The angle FCE 
may be shewn to be equal to the angle DCE ; or EC bisects the anrie FCD, and 
hence EG is equal to EP. But the a^;]e FEG being siven, and EPF being a right 
angle, the ratio FE to EP is given; that is, the ratio F£ to EG is given. 

134. See Theorems 153, 154, infra. 

135. Let the sides of the triangle ABC be divided in the ratio of n to 1 in the 

SnntsD, £, F. Join DE, EF, FD. Then the ratios of each of the triangles ADF, 
D£, CEF to the triangle ABC may be found by Theorem 85, p. 358, in terms of 
fly whence also the ratio of the triangle DEF to the triangle ABC m terms of tk 

136. Let the chords AB, CD mtersect eadi other inE,8othatA£i8tD£B as 
CE to ED. Then it may be shewn that the lines joining DB, AC are parallel, and 
that the line bisecting the angle at E bisects these paraUeb. 

137. By Euc. vi. E. BA.AC»EA.AD. Multiply these equals by BC, and 
interpret the result. 

138. For let the circle be described about the triangle EAC, then by the con- 
verse to Euc. m. 32, the truth of the proposition is manifest. 

139. The triangles ABC, ADB may be shewn to be equiangular. 

140. Let the figure be constructed as in Theorem 3, p. 313, the triangle EAD 
being right-angled at A, and let the cirde inscribed in the triangle AD£ tinich AD, 
A£» DE in the points K, L, M respectively. Then AK is equal to AL, each being 
equal to the radius of the inscribed cirde. Also AB is equal to GC, and AB is half 
th(B perimeter of the triangle AED. 

Also if GA be Joined, the triangle ADE is obviously equal to the difiference be- 
tween the figure AGDE and the triangle GD£, and this difference may be proved 
equal to the rectangle contained by the radii of the two circles. 

141. Let the figure be constructed, then from the isosceles triangles, ED is 
shewn to be equal to £A, and EG to EB. Then Euc. vi. 13. 

142. Let FG join the intersections of the circles, and cut AE in C. 
Then, AC.CD = FC.CG = BC.CE, or, AC : CE :: BC : CD; whence, 

AC + CE : BC + CD :: AC : CB, and AC + CE : BC + CD :: CE : CD; 

compounding these proportions and puttim; for AC + CE and BC + CD, their 
equals, we have AE* : BD' :: AC.CE : BC.CD. 

143. Let ABC be any triangle, and let D, E be the centres of the circumscribed 
and inscribed circles respectively. Join AD, and through D draw the diameter 
FDG and join AE ; AE produced meets the diameter in F. Draw EH perpendicular 
to AC and join DE, EC, FC, CG. Then FC is equal to FE, and by Theorem 27, 
p. 309, DE»=DA«-AE.EF = DA»-AE.FC; also the triangles AEH, GFC 
bdngsimilar^ AE .FCsGF.EH. Whence the truth of the theorem may be shewn. 

144. This property follows directlv from Euc. vi. C. 

145. Job DC, then in the triangles ADB, ADC, the angle ACD is equal to 
the* angle ADB, both standing upon equal arcs of the same drcle, also the angle 
DAB IS common to the two triangles. Hence the triangles are equiangular, and by 
Euc. VI. 4, the property is manifest. 

146. Let ACB be the common diameter of the two circles which touch each 
other m the pomt A, and through C the centre of the smaller circle, let PF be drawn 
perpendicular to AB, and meeting the inner circle in Q, Q' : also let the tangents 
from P, F touch the mner circle in T, T, Join CT, OF. Then FT, PT, may be 
proved each equal to CT, CF. 

147. Let the drcles cut each other in A, B, join AB. and on AB as a diameter 
describe a cirde cutting the two given circles, and from A (&aw*a straight line ACDE 
meeting the circumference in C, D, E. From B the other extremity of the diameter, 
draw BF, BG perpendicular to AB and meeting the drcumferences of the two given 
drcles inF, G. Then CD is to DE as BG toBF. The triangles CDB, ABG are 
similar, as also the triangles BED, ACF. 

148. Half the difference between the sums of the opposite sides is equal to the 
distance between the points where the two circles touch one of the sides of the figure. 
This distance may be proved to be a mean proportional between the diameters of 
the circlest 
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149. Let the diagram be oonstracted according to the enunciation ; and let PP' 
be the common tangent ; draw PS parallel to 00^ (O, O' being the centres) meeting 
OP in S ; produce PC, FO' to meet D£, D'£' in O, Q'. Then the triangles ABC, 
ABC are equiangular, whence BC : BA :: BA : BC. Agpin join DD' ffnd bisect 
DD' in M, and make Mm » half the difference of the sides AD, AD'. ThenDE.D'E'^ 
and PT^, may be each shewn to be equal to 4r«- (Rt)', B, r being the radii of the 
two wdes. 

^150. Let AB be a line given in position, and P the given nolnt At P make . 
the'angle APD equal to the given angle, taking &e point D, so tnat AP is to PD in 
the given ratio. 

£>raw a Ime through the point D making with PD an an^le equal to the angle 
FAB. Then this line is the locus of the extremity- D of the Ime PD. This may be 
proved by takinganother point A' in the ffiven line, and making the angle A'PD' equal 
to the angle Aft). Then the triangles ATA, D'PD may be shewn to be similar. 

151. By constructing the figure and joimng AC and AD^ by £uc. lu. 27, it 
may be pro^ that the line BD falls upon fiC. 

152. Join AGy AF, AD. Ilien, since the circles are e<ma], the segments AFB, 
AGE contain supplementary aiu^Ies. Whence &e angles AFG, AGF are equal, and 
AF is equal to AG. Affain, AEB is a right angle ; and hence AE bong perp^di. 
cular to the base GF of Uie isosceles triangle, bisects FG. See Prob. 23, p. 316. 

In the enunciation, '^a third circle drawn ^;rith centre A," &c appears to be so- 
perfluous. 

153 and 154 may be taken together, with a few other properties, some of which, 
however, have been Noticed in oth^ places. 

(1) Construct according to the enunciation, and complete the diameter AB 
through A ; since 

OS : OA :: OA : OL, we have OA-OS : OS + OA :: OL-OA : OL + OA, 
or since OA - OB, this becomes AS : SB :: AL : LB, which expresses that LB is 
harmonically divided in S and A. 

(2) Join PO, QO; smce PO = OA, therefore OS : OP :: OP : OL; and the 
triangles POS, LOP having the angle at O common and the sides about that angle 
proportionals, they are similar. Whence OS : OP or OA :: SP : PL ; or the 
ratio of SP : PL is constant In like manner the ratio SQ : QL is also constant, 
and the same as SP : PL. This is Theorem 154, (1). 

(3) Jdn AP, BP; then since OS : OA :: OA ; OL, hence 

OS : OA :: OA-OS : OL-OA :: SA : AL, 

OS : OA :: OA + OS : OL + OA :: BS : BL. 

Whence SA : AL :: SP : PL, and SB : BL :: SP : PL; and the lines AP, BP 
bisect the interior and exterior angles SPL, SPQ of the triangle SPL at P. 

Similarly, QA, QB bisect uie exterior and interior angles of the triangle 
SQL at a 

(4) Let the perpendicular at S produced meet the circumference in C, D : and 
join OC, CL: since OS.OL«OA'»»OC^ and OSC is aright angle, it Mows 
that OCL is also a right angle, and that LC is a tangent to the cirde at C. 

In the same way it may1)e shewn that LD is a tangent at D. Whence the tan- 
gents at C and D meet the diameter AB produced in the same point 

(5) Bjr the right-angled triangles OCL, CLS ; OL . LS = CL' = PL . LQ ; or 
the four points P, Q, O, S are in the circumference of a circle. Whence the exterior 
angle PSA of the quadrilateral is equal to the opposite angle OQP. But by the 
similar triangles 0€lS, OLQ, the angle OSQ=^OQL. Whence QSP = ASP; and 
QSC s= PSCT 

(6) Produce QS to meet the drcle in F: then ASF» QSB »QSA ; and hence 
SP = SF; wherefore PS . SQ = SF . SQ «= SO», a constant magnitude. This is 1 54, (2). 

(7) Smce SE bisects the interior angle PSQ, and SL the exterior angle PSF, 
of the triable PSQ, P£ : EQ :: PS : SQ :: PL : LQ; or LQ is harmonically 
divided in P, £. This is Theorem 153. 

(8) Produce AP, BQ to meet in G,and let AQ, BP meet in H; then G, H will 
be in the line CD. For in the triangle PSQ, the tfaoree lines QA, BP, SC have been 
shewn to bisect the angles ; wherefore these lines meet in a point. 



S4 APPENDIX TO EUCLID'^S ELEMENTS. 

Also, SO bisects PSQ, and AP, BQ bisect tbe exterior angles at P and Q; there- 
fore they also meet in a point. Whence G, H are in the line CD. 

(9) The lines BG, AG, are bisected in K and I by the circle which passes 
through the points P, S, O, Q. 

(10) Let the drcle PSOQ cut SG in M ; and draw MO, MQ, MP. 

Then since SM bisects the angle QSP, it bisects the circumference QMP on 
which QSP stands; and hence MU»MP. Also, since QO»OP, it follows that 
MO is perpendicular to QK, and is a diameter of the drde PSOQ. Whence 
OQM, OPM are right angles. But OQ, OP are radii of the circle BQPA, and 
hence QM, PM are tansents at Q and P ; and thev meet at M in SO produced. 
Wherefore tangents at P and Q always meet in tne line SC produced. This is 
164, (3). 

(11) If any chord QSF be drawn through the pole S^ and QL, FL be drawn; 
then the angle SLF==SLa 

For, jom SP: then QS. SP=AS.SB = QS. 8F: whence SF»SP, and the 
triangles FLS, FLS are equal in all respects, and hence the angle SLF — SLQ. 

(12) Conversely. If QF be dravm through S, and lines be drawn from Q, F 
to make equal angles with LV drawn through L ; the line which bisects the angle 
FLQ is a diameter passing through S. 

Note. The line SG is called the polar , and L the pole : as are also the line LV 
and the point S, so called respecdvely. Taken together, either point and its respec- 
tive line are called reciprocal polars j — as for instance SG and L. 

The characteristic property of the pole and polar to which it is most convenient to 
refer, is, that if the diameter m a circle AB be produced and be harmonically divided 
in S and L ; then a perpendicular to AB through S is the polar of L, and a peqjen- 
dicular to AB through L is the polar of S. 

155. Let AB be that diameter of the given circle which when produced is perpen- 
dicular to the given line CD, and let it meet that line in C ; ana let P be the given 
point : it is required to find D in CD, so that DB may be equal to the tangent DF. 

Make BC : CQ :: CQ : CA, and ioin PQ ; bisect PQ in £, and draw ED perpen- 
dicular to PQ meeting CD in D : then D is the point required. Let O be the centre 
of the circle, draw the tangent DF ; and jom OF, OD, QD, PD. Then QD may be 
shewn to be equal to DF and to DP. 

When P coincides with Q, determined as in the construction, any point D in CD 
fulfils the conditions of the problem : that is, there are innumerable solutions. 

156. Apply the method of transversals. See Appendix, p. 15, Sec. 

157. By assuming £uc. vi. 1, it may be shewn that 

figure ABPCA ^ MP FN 
triangle AMN PN "^ MP* 

., « 1 «- «i»« ^i_ X triangle ABC ^ MP PN ,,,, . <• « 

Also by theorem 85, p. 358, that ^^I^^aMN" ^+ PN "*" MP* Whence it follows 

that the triangle BPC is twice the triangle AMN. What is the fixed point ? 

158. It may be shewn by the theory of transversals, that when the three lines 
drawn from the angles to the opposite sides of a triangle, pass through anv point P, 
A&.Bc.CasaB.6C.cA By means of Euc. ni. 36 ; it may be shewn, tnat 

A6' Co' Be' Ab CaBc 

b'C'a'B VA^'ftCaBcA' 

The second part is to be shewn indirectly, by supposmjo; one of the lines from the 
angle C, to intersect the opposite side in some otni^ pomt c' diiOferent firom c, aad 
thffli shewing that c, c coincide. 

159. ¥mU Join FA, AH : andprove that F, A, H, are m one line. Secondly. 
Join BG, HC ; and prove that BG, UC are parallel, and GH, BC equal Thirdly. 
Produce GH, BC to meet in M ; and shew that the triangles BMG and CMH are 
isosceles. Lastly. Prove that FK bisects their bases, GB, HC at ri^^ht-angles; and 
hence coincides with the perpendicular from M to the base in both triangles. 

160. See Appendix, p. 18. 

161. See Appendix, p. 16. 

162« Let DG, EH, FK, be drawn perpendicular to the middle of the sides BC, 
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C A, AB of the triangle ABC, and each equal to half the side from the middle of 
which it is drawn ; Join 6H, HK, KG, AK, KB, B6, GC, CH, and HA ^produce 
GO, and draw HCi perpendicular to it, and AP perpendicular to BC. Then the 
two right-angled triangles APC, GQH, are similar; whence AP*:=:2.CQ'; also 
GC» = 2.CD»: and Euc.n. 12, GH"=GC* + CH»+2.GC. GO, which may be shewn 
tobeequaltoi.CB'+i.GA'+2.(triangleABG). Similarly for HK*, KG*. Whence 
GH» + KG' + HK* is found. 

163« Let £, F, G be the centres of the circles inscribed 'm the triangles ABC, 
ADB, ACD. Draw £H, FIL GL perpendiculars on BC, BA, AC respectively^ 
and jom C£, £B ; BF, FA ; CG, GA. Then the relation between R, r, r", or EH, 
FK, GL may be found from tlie similar triangles, and the property of right-angled 
triangles. 

164. Let ABC be any triangle, and from A, 6 let the perpendiculars AD, BE 
on the opposite sides intersect in P : and let AF, BG drawn to F, G the bisectbns of 
the opposite sides, intersect in Q. Also let FR, GR be drawn perpendicular to BC, 
AC and meet in Rf then R is the centre of the drcumscribed circle. Join PQ, QR, 
then PQ is in the same straight line as QR. 

Join FG, and by the equiangular triangles GRF, APB, AP is proved double of 
FR. And AQ is double of QF, and the alternate angles PAQ, QFR are equaL 
Hence the triangles APQ, RFQ are equiangular, therefore, &c. 

165. Let ABC be a triangle^ D the centre of the inscribed circle, draw 
DE perpendicular to the base BC, E is the point where the inscribed circle touches 
the base. Join CE and bisect it in F, bisect also BC in G. Then the points G, D, 
F may be proved to be in a straight line. 

Draw GH perpendicular to SC, and DK perpendicular to GH. Join CK and 
produce it to meet BC in L, join also GD, DF. Then LG is equal to GE, and by 
the similar triangles CE may be proved to be bisected in F. Hence G, D, F must 
be in the same straight line. 

166. This question is rather Algebraical than Geometrical. If the expression 
for the area of a triangle in terms of the sides may be assumed, the equation which 
connects the radii of the three circles may be deduced from the expression'for the area 
of a triangle in terms of the sides and the radius of the inscribed circle, and theorem 
137, p. 362.' 

167. From Euc. iv. 6, and Theo. 1, p. 332, the arithmetical ratio of the sides 
may be found : also the ratio of thar areas. 

168. Let a perpendicular be drawn from the centre C on ab, AB two sides 
(supposed parallel) of Uie inscribed and circumscribed polygons meeting them in d, D. 
Join Da : then Da is a side of a regular inscribed polygon of double the number of 
sides. The areas of the three polygons are the same multiples of the triangles ac^ C, 
a DC, ADC, which may easily be shewn to have the proportion stated. 

169. The first property may be perhaps more clearly seen by first shewing it 
to be true in a figure of three sid^, then in one of four sides, &c ; and lastly in any 
polygon whatever. As all the figures described upon the parts of one side are similar 
to the ^ven figure, any two sid^ of the given figure are proportional to the homolo- 

Sous sides (^ the smaller figures, and hence the properhr may be shewn respecting 
le sides. Also the second prouerty may be proved oy Euc. vi. 20. 

170. Each pentagon can be divided into the same number of triangles, and 
by Euc. VI. 19. 

171. The triangles which form the two regular figures are the same in number, 
and are similar. By the similarity of triangles the proportion is obvious. 

1 72. The area of the inscribed equilateral triangle may be proved to be equal to 
half the inscribed hexagon, and the circumscribed triangle equal to four times the 
inscribed trian^. 

173. See Theorem 168, supra. 
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HINTS, &c. TO THE PROBLEMS. BOOK XL 

1. Seh Geom^trie par A. M. Legendre, (dizieme ^ditionX p- 156. 

2. Describe a circle paadng through the three gives pointed and from the centre 
draw a line perpendicular to its plane. Then every point in this perpeadicular fulfils 
the conditions required. 

3. This is an indeterminate Problem. If however, the circle be ui that plane 
which passes through the given point, and be perpendicular to the two given planes^ 
the problem is reouced to that of describing a circle which shall pass through a 
givebpomt, and touch t^ given straight linei: "^ 

4. Let ACB, ADB, be the triangles, CD hang perpendicular to the plane of 
ACB. Tlienthe angles DAC, DBG, and the line DC being given, the lines DA, DB, 
can be constructed. Drew ab through C perpendicular to CD, and make the angles 
C'Do, CDb, the com^sments of the given angles ; then Cn, Cb will be of the same 
length as CA, CB. Whence the angle whidi they are to ioacm beuig given, the 
triimgle may be constructed, and its base is the line required. 

5. About the given line let a plane be made to revolve, till it passes through the 
givenpomt The perpendicular drawn in this plane from the given point upon the 
given line is the distance required. 

6. Let A, B, be the given points, and GH the given straight line; draw AC, 
BEhperpendicular on GH, and in the plane AGH produced, draw DB' papendicular 
to GrH, and equal to DB : job AB', meeting GH in £, and draw ElJBL Then 
AE + EB is the minimum. For the triangles EDB, EB'D are raual, bdng right- 
angled at D, and having one side common, and the others equaL Whence the angle 
BEH is eqiud to GEA, each being equal to B'EH. The conclusion foUows fiom 
the demonstration of Tlieorem 17, p> 369. 

7. Through any point in the first line draw a line parallel to the second ; the 
plane through these is parallel to the second line. Through the second line draw a 
plane^perpendicular to the forenamed plane cutting the first line in a point. 

rh this point draw a perpendicular in the second plane to the first plane, 
and it will be perpendicular to both lines. 

8. Through any p<»nt draw perpendiculars to both planes ; the plane passing 
through these two Unes will fulfil tne conditions required. 

9. Let ABCD be the f^vea triangular pvramid, of which the vertex is A, and 
base, the triangle BCD. Bisect BC in £, ana join AE, BE : then AEB is an isos- 
oeles triangle, having its base AB equal to the side of the equilateral triangle, and its 
ndes eoiuil to the perpendicular from the vertex on the base. From A draw AF 
pnpenoicular to BE : AF is the perpendicular required. 

Or thus. Let ABC be the equilateral triang[le which forms the base of the pyra- 
mid, and D its centre. On AC describe a semidrde, and make A£ equal to AD. 
Join A]^ then AE is the perpendicular altitude. 

From D draw the perpkendicular DF equal to CE, and join FC, FA, FB. Then 
the triangle AFD is equal in all respects to the triangle ACE, and hence AF is equal 
to AC. In like manner the sides FC, FB are each proved equal to a side of the 
equilateral triangle ACB. 

10. Through each line draw a plane parallel to the other; these pJanes will be 
parallel, and obviously form two gt the faces of the parallelopiped. Through each 
nne and one extremity of the other, draw a plane; and a secoiid plane parallel to it 
through the remaining extremity. This wiQ complete the figure ; but tnere will be 
four varieties of cases according as the extremities are situated 

11. Every possible combination of the lines taken three at a time will form the 
pyramids, since the respective faces may be so formed. These according to the or- 
dinary method are fifteen in number. 

12. Bisect the base by a line drawn in the given direction, whether parallel to 
a given line, or tending to a given point. The plane drawn through the bisecting 
line and the vertex of tne pyramid, gives the solution of the problem. 

13. The section will oe in all cases a parallelogram, but not necessarily rectan- 
gular. Any plane drawn perpendicular to a &ce tmough a line equal to the edge of 
me cube, will fulfil the condition. 
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3. Let AD, BE be two paralleL straight fines, and let two planes ADFC, BEFC 
pass through AD, BE, and let CF be their common intovection, Eg. £uc. lo. 10. 
Then OF may be proved parallel to BE and AD. 

4. See tluB %ure Eac. zi. 10. If the fines be unequal, the figure may be shewn 
not to ame with the definition of a prism. Euc. zi. def. 13. 

5. This theorem is analooous to Euc. xi. 8. Let two parallel fines AC, BD 
meet a plane in the points A, B. Take AC equal to BD and araw CE, DF, perpen- 
diculars on the ^ane, and join AE, BF. Then the angles CAB, DBF, are the in* 
dinaticHis of AC, BD to the plane, Enc. xl def. 5, and these jangles may be prov^ 
to be equal. 

6. Let lines be drawn in each pkne through the points wfaeie the lines cut the 
planes, then by Euc. i. 29. 

7. AB, BC, CD may be shewn to be three consecutire edges of a rectangular 
pazxdlelopiped, of which AD is the diagonal. 

8. If the intersecting plane be perpendicular to the three straight lines, by join- 
ing the points <^ their intersection with the plane, the figure fonnra will be an equi- 
lateral triangle. If the plane be not perpendicular, the triangle will be isosceles. 

9. Let AB, CD be naralH straight fines, and let perpendiculars be drawn from 
the extremities of AB, CD on any ptene, and meet it in the points A', B', C, D'. 
Draw A'B', CD', these are the projections of AB, CD on the plane, and may be 
proved to be parallel. 

10. Let AE meet the straight fines BE, DE in the plane BED, fig. Euc. xi. 6, 
and let the uigle AEB measure tlie incfination of AE to the plane BdE ; then the 
angle AEB is less than the angle AED. Draw AB perpendicular to the plane, 
make ED equal to £B and join BD, AD. Euc. i. 18, 19. 

11. Let the three parallel straight fines AD, BE, CF be cat by the parallel 
planes ABC, DEF, ana A, B, C, the points of intersection of the lines, oe joined, as 
also D, E, F : then the figure ABC may be proved to be equal and similar to the 
^re DEF. 

12. Let AB be at right angles to the plane BCED, and let the perpendiculars 
from AB mtersect the plane 6HKL in the line MN, and let HNK \k the common 
mto-section of the planes CBDE, GHKL. Join AM, BN, and prove MN to be a 
straight line perpendicular to HK. 

13. This may be readily proved by Euc. xi. 17. 

14. Let AB, A'B' be any pcntions of the two straight fines. At B' draw B'C 
paralld to AB, and B'C perpendicidar to the plane passing through A'B'C'., Let 
the plane passii^ through A'B'C intersect the line AB in the point A. In the plane 
A'B'C from A draw AA' perpendicular to A'B', and AC perpendicular to AA'. 




the two planes, and that AA' is less than any other fine which can be drawn between 
the two ^Anes. 

15. The figure formed by lines drawn from a ipcknt above the plane of a circle. 
to every pcont in its circumference is a cone. If the point be in the perpendicular to 
the plane drawn from the centre of the circle, the cone is a right cone, and aU fines 
from the point to the circumference are equal ; if the point be not in the perpendi- 
cular, the cone is an oblique cone and has only the two lines equal, as may readily 
be shewn. 

16. Let BC be the common intersection of the two planes ABCD, EFGH 
which are indmed to each other at any angle. From K at anv point in the plane 
ABCD, let KL be drawn perpendicular to the plane EFGH, ana KM perpendicular 
to BC, tiie line of intersection of the two planes. Join LM, and prove that the plane 
which passes through KL, KM is perpendicular to the line BC. 

17. Let GH be the edge of the wall. A, B the two points, and let the fine join- 
ing A, B meet the edge of the wiQl GH in E. If the points AE, BE make equal 
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angles with GH, then A£, E6 may he proved to he less than any other two lines 
drawn from A, B, to meet GH in any other point E\ 

18. Let AB, AC drawn from the point A, and A'B', A'C drawn from the 
point A', in two parallel planes, make equal ani^Ies with a plane £F passing through 
A A', and perpendicular to the planes BAG, B'A'C. Let AB in the plane ABC be 
parallel to A'B' in the phme ABC ; then AC may be proved to be narallel to AC. 

19. Let HM be tne common section of the two planes MN» MQ; and let AB 
he drawn from a point A in HM perpendicular to the plane MN : then, if planes be 
drawn through AB to cut the planes MN, MQ in hnes which make the andes 
CAD9 £AF with each other, and that the plane BACD is perjiendicukr both to 
MN and MQ, the angle CAD will he groiter than £AF. Shew that the angle 
BAD is less than the angle BAF, and it toBows that CAD is greater than EAR 

20. Let the depth be taken as the fixed unit, and let the breaddi be double the 
depth, and the length double the breadth. Let the parallelopiped and the cube be 
constructed. Then the cube may be shewn to conmst of the same nmnber of cubic 
units as the parallelopiped. See note on def. A, p. 253. 

Simikirly, if the breadth be treble, or any other multiple of the depth, and the 
length treble, or the same mulliple of the breadth, the equality of the two figures may 
be shewn to exist. 

21. This theorem is analogous to the corresponding theorem respecting a rect- 
angular parallelogram. 

The axis of a paraDebpiped must not be confounded with its diagonal 

22. This theorem is aimlogous to Euc. u. 4. 

23. There is some inaccuracy in the enunciation of this theorem. 

24. Let O be one of the solid angles of a cube whose three adjacent edges toe 
OA, OB, OC; OBEC being the base of the cube. On OA, OB, OC, let any three 
pmnts A', B', C be taken, and join A'B\ B'C, CA\ Then the square of the area 
of the base A'B'C of the solid OA'B'G is equal to the sum of the square of the 
areas of the feces, OA'B', OA'C, OC'B'. 

Jcnn OE intersecting B'C in E, and join A'E. Then A'E may be shewn to 
be perpendicular to the base C'B' of the triangle A'B'C', and by Euc. i. 47, and note 
page 68, the truth of the property is shewn. 

25. Let the figure be described, then m a similar manner to Theorem 2, page 
367, by employmg Euc. u. 12, 13, instead of Euc. i. 47, the truth of the theorem 
may be proved. 

26. This is to shew that the square of the diagonal of a rectangular parallelo- 
piped is equal to the sum of the squares of its three edges. 

27. Let a rectangular parallelogram ABCD be formed by four sguares, each 
equal to a face of the given cube, and let EF, GH, KL, be the lines of dtvision of 
the four squares. Let BD the diagonal of ABCD, cut £F in M ; the square of BM 
to the square of AB is as 17 to 16. Let BG the diagonal of ABHG cut £F in N; 
the square of BN is to the square of AB, as 20 is to 16 : hence there is some square 
bdween that of BM and BN which befu^ to the square of AB, the rado of 18 to 
16, or of 9 to 8. 

28. If any pomt A in a sheet of paper be taken as the vertex of any pvranild 
(suppose a triangular pyramid), the three plane angles which can be formea at A, 
are equal to four ri^ht angles, and therefore ^;reater than the sum of the three plane 
angles with which it is possible to form a sohd angle. 

29. Let BCD he the base of the pyramid. Take CD' equal to CD in the same 
line, and join AC, BC, AD', BD'. Then the triangular base BCD' is equal to 
BCD, Euc. I. 38. And since A is a fixed.point, the a&itude of the pyramids ABCD, 
ABCD' is the same, and pyramids of the same altitude on equal bases are equal. 

30. See Euc. vi. def. 1. From the vertex A draw a line to any point B in the 
base of the pyramid, and meeting the given section in B'. From the angular points 
of the base draw lines to the point B ; also from the angular points of the given sec- 
tion to the point B'. Then any triangle in the section, may be shewn to be similar 
to the corresponding triangle in the base. Euc. vi. 20. 
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1. There is no method by which a square can be described, by plane geometij, 
exactly equal to the area of a drde. The tract of Archimedes on the mensuration of the 
chrde, consists of the three following propositbns. 1. Eveiv cbxrle is equal to the 
right-angled triangle whose base and perpendicular are equal to the radius and dr- 
cnunference of the cirde. 2. The area of a drde is to l£e square described on its 
diameter as 11 to 14 nearly. 3. The circumference of a drde is equal to three times 

the diameter and a part of the diameter which is less than -— of the diameter, but 

10 70 ' 

greater than yr- of the diameter. 

2. The radius of a drde whose area is double that of another, is equal to the 
dde of a square whose area is double that of the square of the radius of the given 
drcle. 

3. A similar remark applies here as to the ^recedinff problem. 

4. First, to bisect a dme by a ccmcentric cirde. Let C be its centre, AG any 
radius. On AC describe a semicircle, bisect AC in B, draw BD perpendicular to 
AC> and meeting the semidrde in D ; join CD, and widi centre C, and radius CD, 
describe a drde ; its circumference shall bisect the given cirde. Join AD. Then 
by Euc yi. 20, Cor. 2, the square on AC is to the square on CD as AC is to CB : 
and Euc. xil 2. In the same wa^, if the radius AC be trisected, and perpendicu- 
lars be drawn from the points of trisection to meet the semicircle in D, E, the two 
drdes described from C with radii CD, CE shall trisect the circle. And generally, 
a drcle may be divided into any number of equal parts. 

Note. By a similar process a circle may be divided into anynimiber of parts 
which shall have to each other any given ratios. 

5. To divide the drde into two equal parts. Let any diameter ACB be drawn^ 
and two semidrdes be described, one on each side of the two radii AC, CB : these 
semicircles divide the drde into two equal parts which have their perimeters equal. 
In a similar way a drde maybe divided into three parts, by dividing the diameter mto 
three equal parts, AB, BC, CD ; and describing semicircles upon AB, AC on one 
side of the diameter, and then semidrdes upon DC, DB on the other side of the 
diameter. 

6. By Euc. xn. 2. The squares of the radii of the two circles may be shewn 
to be in the ratio of 3 to 1. 

7. The area of the cirde of which the quadrant is given, is to the area of the 
drde which touches ihe three circles, as 36 is to 1. Ana the quadrant is one-fourth 
of the area of the drde. Hence the area of the quadrant is to the area of the drde 
as 9 to 1. 

8. The meanmg of the enunciation of this problem is not very clear. 

9. By reference to Theorem 2, p. 371, and Euc. xn. 2, the parts of the dia- 
meter may be proved to bear to each other the ratio of 1 to 2. 

10. if planes be drawn through the bisections of three of the edges of the tetra- 
hedron at right angles to the ed^s, the point of their mutual intersection, is the centre 
of the sphere which circumscribes the tetrahedron. 

1 1. Take a point A on the spherical smface of the fragment as a centre, and with 
any radius AB describe a circle upon it. Take two other points C, D in the cir- 
cumference of this circle, and descnbe a plane triangle A'B'C' having its sides equal 
to the distances AB, BC, CA, respectivdy. Describe a drde about the triande 
A'B'C, and draw the diameter A'D' ; with centres A', D' and radius equal to AB, 
describe circles intersecting each other in E', and through the points A', D', £' 
describe a drde ; the diameter of this circle will be equal to that of the sphere of 
which the fragment is ^ven. 

12. By Euc. I. 47, expressions for the squares of the sides of the triangle may 
be found, from which it will appear that the three sides of the triangle are mean pro- 
portionals between every two of the three diameters of the spheres. 

13. (1) The regular tetrahechron. Each of the angles of an emiilateral triangle 
is one third of two ri^^t angles ; a solid angle may therefore be formed by three angles 

M 
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of three equal and equilateral triangles^ and the figure formed hy the three hases of 
the triangles is mamfestlj an equilatex^ triangle equal in magxutude to each of the 
three given equilateral triangles. The angles of inclination of every two of the four 
fieMses are also equaL 

(2) The r^fular Octahedron. Through any point O draw three straight lines 
perpendicular to each other, take OA, Oa, OB, 06, OC, Oc equal to one another, 
ana join the extremities of these lines. The faces ABC, AbC, &c, are equilateral 
triangles equal to one another and eight in number : also the incliiiatioiia of every two 
contiguous faces are equal 

(3) The regular Icosahedron. A solid angle may be formed with five angles, 
each equal to the angle of an equilateral triangle. At the point A of any equilateral 
triangle ABC, let a solid angle be formed with it and four other equal and equilateral 
triangles ABD, ADE, AEF, AFC, each equal to the triangle ABC. N^t at the 
point B, let another solid angle be formed with the triangle ABC and four ctiaera 
BCH, BHK, BKD, BDA, each equal to it. The solid angle at B is equal to the 
solid angle at A, and the inclinations of every two contiguous faces are equal; also 
the two solid anffles have two faces ABC, ABD common. Next let a third solid 
angle be formed at C^ by placing the two triangles CFG, CGH conti^ous to the 
three CAB, CFA, CHB. The solid angle at C is equal to that at A or B, and the 
inclinations of the contiguous &ces make equal angles. Thus two equal and equi- 
lateral triangles are placed contiguous one to another, forming three sc^d angles at 
A, B, C^ and having every two contiguous faces equally inclined : also the acM 
angles formed at D, £, F, 6, H, K, have alternately three and two Bpf^feB of the 
equilateral triangles. In the same manner let anoth^ figure equal to this be formed 
with ten equal and equilateral triangles, each equal to the triangle ABC. 

If these two figures be connected together, so that the points at which there are 
two angles <^ one figure, may coincide with the points which contain three angles of 
the other, there will be formed at the points D, "E, ¥, G, H, K, six equal solid angles^ 
each contained by five angles of the equilateral triangles^ and ev^y two contiguous 
laces will have the same inclination. 

Hence a figure of twenty faces is formed each equal to the equilateral triangle 
ABC^ and having the inclinations of every two contiguous feces equal. j 

(4) The regmar Hexahedron. Since three right^mgles may form a solid angle, 
it is therefore ^vious that the solid angle formed by three equiu souares^ has every 
two of the faces equally inclined to one another; and with three otner squares, each 
equal to the former, a figure is formed, bounded by six equal squares, and having 
every two contiguous feces at right-angles to one anoUier. 

(5) The regular Dodecahedron. Since three angles each equal to the angle of 
a regular pentagon may form a solid angle : kt ABODE be a regular pentagon, and 
with two others each equal to this, let a solid angle at A be formeid ; the inchnations 
of every two contiguous faces will be equal. At the points B, C, D, E successiveW, 
let solid angles be formed by p^tagons equal to ABODE. The solid angles at 6, 
C, D, E are each equal to the solid angle at A, and the inclination of every twQ con- 
tiguous faces is the same. Thus is formed a figure with six equal and regular penta* 
ffons, having the inclination of every two contiguous feces equal, and the angles at 
ue linear boundary of the figure alternately consisting of an angle of a pentagon and 
of two angles of two pentagons equally inclined to each other. 

Next, let another figure equal to this be constructed with six pentagon^, each 
equal to the penta^ ABODE. 

If these two %ures be so placed that the angular points of the plane angles in 
the linear boundary of one, may coincide with the points at which there are two angles 
in the other figure ; at eadi of these points will be formed ten solid angles, each emial 
to the angle at A, and having the inclination of every two contiguous faces equal to 
one another. Hence a r^[ular figure is formed having twelve equal faces, and the 
inclinations of every two contiguous feces equal to one a^her. 

14. This is repeated by mistake. It is the same as Problem 11, page 368. 

15. Let A be the vertex, and BCD the triangle forming the base of the tetrahe- 
dron. Bisect each of the dihedral angles at the base by three planes which mutually 
intersect each other in the pdnt F, which will be the centre. Then a perpendicular 
from F, drawn upon any one of the faces will be the radius of the inscribed sphere. 
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16. For the incUnation of any two coatigaous faces of tiie octahedron, see Theo- 
rem 34, page 376. 

The octahedron is divisihie into two pyramids whose bases are squares, and the 
four slant sides equilateral triangles. 

1 7. £verv oblique pyramid may be proved to be equal to a right pyramid of tho 
same base ana altitude. 

Every right pyrsmid whose base is not triangular may be divided into triangular 
pyramids of the same altitude. 

Every pyramid on a triangular base may be proved equal to one-third of a prism 
of the same base and altitude. 

Hence, any pyramid may be proved to be one-third of a [nism of the same base 
and altitude. 

18. If the centres of the upper sphere, and the three upon which it rests, be joined, 
the figure is a tetrahedron : ana the same remark may be made with respect to each 
ef the three, and the spheres upon which they severally rest 
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5. Let a regular polygon be inscribed in the circle. The straight lines drawn 
from the centre to all tne angles of the polygon, will divide the polygon into as many 
equal isosceles triangles, as &ere are siaes of the polygon, and perpendiculars drawn 
from the centre on each side, will be equal to the common altitude of all the triangles. 
Each of these triangle is equal to half the rectangle contained by the base and alti- 
tude of the triangle. Hence the area of the polygon is equal to half the rectangle con- 
tained by the common altitude and the sum of the sides of the polygon. Now if the 
sides of the regular polygon be diminished in magnitude and their number increased, 
the perimeter of the polygon may be made continually to approach to the perimeter of 
the circle, and at length be made to differ from it by a magnitude less than can be 
assigned. In that case also the perpendiculars on the aaea oi the polygons differ 
from the radius of the circle by a lengtn less than can be assigned. Hence the area of 
the polygon and the area c^ tne cir(& differ from each other by a ouantity less than 
can be assigned, and therefore the area of the circle is eyjal to halt of the rectangle 
contained by two straight lines which are equal to the radius and the circumference of 
the circle : or the area of the circle is equal to the rectangle contained by the radius 
and a straight line equal to half the circumference of the circle. 

6. The angle in a segment which is one-fourth of the circumference of a drcle, is 
equal to one of the interior angles of a regular octagon. The ratio of the two angles 
will be found to be as 3 to 2. 

7. Let AB, A'B' be arcs of concentric circles whose centre is C and radii CA, 
CA', and such that the sector ACB is equal to the sector A'CB'. Assuming that 
the area of a sector is equal to half the rectangle contained by the radius and the in- 
cluded arc : the arc AB is to the arc A'B' as the radius A'C is to the radius AC. 
Let the radii AC, BC be cut by the interior circle in A', D. Then the are A'D is to 
the arc AB, as A'C is to AC ; because the sectors A'CD, ACB are similar : and the arc 
AB' is to the arc AD, as the angle ACB' is to the angle ACD, or the angle ACB. 
Euc. VI. 33. 

From these proportions may be deduced the proportion : — as die angle ACB is to 
the angle A'CB', so is the square of the radius A'C to the square of the radius AC. 
Am by Euc. xu. 2, the property is manifest 

8. Let AB, A'B' be arcs of two concentric circles, whose centre is C. ACB, 
A'CB' two sectors such that the angle ACB is to the angle A'CB', as A'C is to AC^ 

Let AC, BC be cut by the interior circle in A', D ; 

Then the arc A'B' is to the arc A'D, as the angle A'CB' is to the angle A'CD, or 
the angle ACB. Euc. vi. 33. 

And the arc A'D is to the arc AB, as the radius A'C is to the radius AC, by 
similar sectors. 

By means of these two proportions and the ^ven proportion, the rectangle con* 
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tained by the arc AB and radius AC, may be proved equal to the rectangle contained 
by the arc A'B' and the radius A'C. 

9. llie sum of the squares of the se^^ments of the diaf^onals, is equal to the sum 
of the squares of each pair of opposite sides of the quadrilateral figure. Hence by 
£uc. xu. 2 ; I. 47 ; v. 18, the property is proved. 

10. The radii of the circles may be proved to be proportional to the two sides 
of the original triangle. Then by £uc. xu. 2 ; vi. 19. 

11. Let the two lines intersect each other in A, and let C be the centre of the 
last circle. Join CA, and draw CB perpendicular to AB one of the lines. 

Then CA and CB are given. Let C, C", &c., be the centres of the drdes 
which successively touch one another. Draw CB', C"B", &c., perpendicular to 
AB and CD, CD' parallel to AB meeting CB in D, CB' in D', &c. Then by 
means of the similar triangles, the radii C'H^, CB", &c., may be expressed in terms 
of CB and CA. Hence the sum of the series of the cirdra may be expressed in 
terms of the area of the last drcle. 

12. The squares of the four segments, are together equal to the square of the 
diameter. Theorem 4, p. 314 ; and Theorem 129, p. 325. Then by Euc. xu. 2; 
y. 18, the truth of the Theorem is manifest. 

13. This is shewn b^ Euc. i. 47 ; xu. 2 ; y. 18. 

14. The demonstration of this property is contained in that of Problem 5, p. 374. 

1 5 . Let C c be the line joining the centres of the two circles whose planes are paral- 
lel^ and let ACB, ac 6 be parallel diameters drawn in each. Join AC, B b^ then AB^a 
is a quadrilateral figure having two of its sides AB, ab parallel. It is then required to 
shew that the lines joining Ab, B a intersect at the same point D in the line Cc. If 
ab be equal to AB, the figure AB 6a is a rectangular parallelogram. 

16. Let A be any point above the plane of the circle whose centre is C and 
diameter BCD. Join CA, and kt a plane pass through any point c in AC or AC 
produced. Through c in this plane draw bed parallel to BCD. Jom BA, DA and 
produce them to meet bed in d and b. Then b, d may be proved to be two points 
m the circumference of the circle whose diameter iabcd, and by means of the sunilar 
triangles Acd, ACD, the areas of the two circles may be shewn to be proportional to 
the squares of AC and Ac. 

17* Let the arc of a semicircle on the diameter AB be trisected in the points D, 
£ ; C being the centre of the circle. Let AD, A£, CD, CE be joined, then the 
difference of the segments on AD and A£, may be proved to be equal to the sector 
ACD or DCE. 

18. The proof of this property depends on the demonstration of Theorem 2, p. 
37 1, and the relation between the area of two circles described upon two lines as diame- 
ters, one of which is double of the other. 

1 9. Let the figure be described^ and the demonstration will be obiious from the 
consideration of the parts. 

20. The triangles ABD, ABC have the angle ABD common, and ACB may be 
proved equal to BAD, by Euc. i. 29 ; in. 32. And therefore the angle CAB is equal 
to the angle ADB. Also die triangles CAB, CEA may be shewn to be equiangular, 
and AD equal to AE. Then by Euc. vi. 4. 

21. Let the diameter AB be divided into five equal parts, in C, D, E, then C, D 
are the second and third points of diviision. The semicircles AEC, AFD are described 
on one side of the diameter, and BGC, BHD on the other. Then since the semi- 
circumferences of circles are proportional to their diameters, the perimeter of the 
figure AECGBHDF is shewn to be equal to the perimeter of the original circle. 

By Euc. xu. 2, the area of the figure AECGBHD may be shewn to be one fifth 
part of the area of the circle. 

The general case, when the diameter is divided into n equal parts is proved in the 
same way. 

22. This is shewn from Euc. xu. 2 ; i. 47 ; v. 18. 

23. Assimiing that the area of a sector of a circle is equal to half the rectangle 
contained by the radius and the arc, the sector AOC is shewn to be equal to the 
triangle AOB. 

24. By Euc. xu. 2, the area of the quadrant ADBEA is equal to the area of the 
semicircle ABCA. 
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25. Let POQ be any quadrant, O being the centre of the circle^ and let BG, 
DH be drawn perpendicular to the radius FO, and OB, OD be joined. The tri- 
angle GfiO is equal to DHO. 

26. The segments on BC, BA, AC may be shewn to be similar. And similar 
sefjrments of dndes may be proved to be proportional to the sauares of their radii, 
£uc. XII. 2, and to the squares of the chords on which they stand, Euc. in. 6. 

If £uc. y I. 31 be extended to any similar figures, the equality follows directly. 

27. The triangles CEA, CEB are equal, and the difference of the two segments 
may be shewn to be equal to tiie difference of the parts of the semicircle made by CE. 
The difference of the same parts may also be shewn to be equal to double the sector 

28. Let AB be the hypothenuse of the li^ht-angled triangle ABC, and let the 
semicircles described upon the sides AC, BC, mtersect the hypothenuse in D. Join 
AD. AD is perpendicular to AB. The segments on AC, AD, and on one side of 
CD are similar; and the segments on AC may be shewn to be equal to the segments 
on AD^ CD. Also the segment on BC may be shewn to be equal to the segments 
on BD and the other side of CD. 

If however Euc. vi. 31 be true for all simiUar figures, the conclusions above stated^ 
follow at once from the right-angled triangles. 

29. (a) Join BD, CD, DA, Euc. m. 31 ; 1. 14. (b) Produce CD to meet 
the arc of the quadrant in £. Then the sector ACE is half of the quadrant : also 
the semicircle CDA may be shewn to be equal to half the quadrant, (c) The seg- 
ments on CD and DA are similar and equal, if the figure boimded by DA, AC, and 
the arc CD be added to each, the remamin^ part of the semicircle on AC is equal 
to the triangle ACD which is a right-angled isosceles triangle. 

30. T&a theorem is analogous to Euc. in. 14. 

31. Let D be the given pomt, and from D let DA be drawn through the centre 
£, and meeting the suiface in C, A. Let DB be a line from D touching the sphere 
at B. Join BE. Then the triangle DBE (fig. Euc. in. 36) is in a plane passing 
through D, and E the centre of the sphere, and the distances DE, EB are always 
the same. Hence it follows that BD is always of the same length. Euc. i. 47. 

The sphere which touches the six edges of any tetrahedron, has four circular 
sections touching the sides of the four triangles which form the surface of the tetra^ 
hedron. 

32. Let the circle ADB cut the circle AEB in the diameter AB at any angle, 
C being their common centre. Next let the plane i)erpendicular to AB cut the cir- 
cumference of the circle ADB in D, F, ana the circumference of AEB in E, G. 
Then E, D, G, F may be proved to be in the circumference of a circle. 

33. See the Geometrie par M. Vincent, p. 450. 

34. Let ABCD be a regular tetrahedron. From A in the plane ABC draw 
AE perpendicular to BC, and join DE in the plane BCD, also trom A draw AG 
perpendicular to the line DE. ' Then the angle AEG is the inclination of the two 
faces ABC, DBC of the tetrahedron, and the base EG is one-third of the hypothe- 
nuse AE in the, right-angled triangle AGE. 

Let abcdefhe a regular octahedron whose faces are equal to those of the tetra- 
hedron. Join a, / two opposite vertices. Draw ag in the plane abc perpendicular 
to 6 c, and ge perpendicular to af. Draw fg in the plane fbc, and from/draw/A 
perpendicular to ag produced. 

Then agfia the inclination of two faces of the octahedron. Also in the right- 
angled triangle /A^, gh may be proved to be.one-third oi fg, and fg is equaf to 
AE. Hence the triangles fgh, AEF are equal in all respects. Therefore the angle 
fgh is equal to the angle AEB. Hence the angle AEF is the supplement of Sie 
angle agf, or the inclination of two contiguous faces of a tetrahedron, is the supple- 
ment of the inclination of two contiguous faces of an octahedron. 
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PROBLEM 16, page 333. 

Inscribe in a circle a triangle whose sides or sides produced, shall pass through 
three given points in the same plane. 

Lemma I. Let there be given two points A, B, and a circle DOE whose centre 
is S : from the point A, draw ADC to cut the circle; through B, C, D describe a 
circle cutting the line AB in K : then K is a fixed point, m>wever the line ADC 
may be drawn ; and if KD be drawn to meet the circle in H, the line HE, drawn to 
the intersection £ of BC with the circle, will be parallel to AB. 

For, first, B A . AK « CD . DA <= a given magnitude, namehr, the square of the 
tangent from A to the circle. Also BA is given, and hence AKT is fdso given, and 
K is a fixed point, however ADC be drawn from A to cut the circle. 

And, secondly, since CDHE is a quadrilateral inscribed in the circle ODE, the 
exterior angle made by producing EH, is equal to the interior opposite angle DCE. 
In the same way the angle DKA is equal to DCB. Whence these angles are equal, 
and HE is parallel to AB. 

Lemma II. The same conditions as before bemg civen, draw the diameter 
TV through K and S ; and find the point F such that SF . SK = ST* : then joining 
FD, ^e angle EDF will be equal to the difiTerence between BKS and a right angle, 
however the point C be taken in the circle DCE. 

For, draw HX parallel to KS, and from X draw the diameter XSG, and join 
HG, GD ; also draw KP perpendicular to AB. 

Then since XHG is an euigle in a semicircle, it is a riffht angle ; and since HX is 
parallel to KS, HG is perpendicular to KS ; and the an^e EHG is equal to PKS. 

Moreover, since HG is perpendicular to KS, the line DG alwavs passes through 
F, and hence the line FG makes with DE the constant angle PKS, however C may 
be tdceu in the circle DCE. 

Having premised these two Lemmas, we may proceed to the construction of the 
Problem, as follows: 

Let A, B, Q be the three given points. Fmd the points K, F as in the Lemmas, 
together with the angle PKS. Join QF, and on it describe a segment to contain 
the angle PKS ; and let it cut the circle DCE in D. Then D is one of the angular 
points of the trian^. Join DA meeting the circle in C, and CB meeting the circle 
m E, and draw £X>. It will pass through Q by the reasonmg of the Lemmas. 

The same principle may be applied to the solution of Problem 58, p. 324. 

Anv two points, A, B, beinff given within a circle CDE, it is required to find a 
point D, so that the difference of the angles BDE, ADC may equal a given angle. 

The points A, B may be taken any wnere either within or without the cirde ; and 
the construction will be the same. 




EDB 

obviously, , , 

parallel to LC. Find F and K, bv the Lemmas, then the angle FHG is given. 
Wherefore through F draw FQ paraM to LC, and make the angle HFG equal to 
the ffiven angle. Draw BH meeting the circle in D, and join DA : then these are 
the lines required. 
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Note. — ^The second Lemma is only a variation of the last Porism of Euclid's 
third Book on that subject 

The 57th proposition in Dr Simson's Restoration of the Poiisms, leads directly 
to the construction in the manner here given. 

Hie former Problem, though not mentioned directly by Pappus, nor found in 
any ancient author, was without doubt considered by the Greek geometers. 

It has been regarded by modem Areometers as an extension of the 117th Propo- 
sition of the Seventh Book of the Cdlections of Pappus, namely :-*-when the three 
points are not in the same straight line. 

The Problem itself, as well as Proposition 117 of Pappus, has engaged the atten- 
tion of several distinguished modem geometers. Bonnycastie, in p. 348 of his Geo- 
metry^ has given a condse account of the several solutions by matiiematicians on 
the continent ; as also Dr Traill in p. 95 of his life of Simson. In p. 97> he has 
given Simson's solution of the Problem, which, from a note attached, appears to 
nave been completed in 1731. Simson's "Opera Reliqua" was published by the 
munificence of Earl Stanhope in 1776. 

In 1742, M. Cramer proposed the problem to M. de Castillon, but it was not 
till 1776 that Castillon published a geometrical solution in the Berlin Memoirs of 
that year. In the same volume is a solution by La Grange, by means of trigono- 
metrical formuls. Camot, in p. 383 of his G4omitrie de Position, has given a 
modified form of La Grange's Solution. In the Petersburgh Acts for 1780, are 
solutions of the same Problem by Euler, Lezell and Fuss. In the Memoirs of the 
Italian Society (Tom. rv. 1788) are two papers respecting this problem; one by 
Ottajano, in which is given a geometrical solution of the problem, and an extension 
to the case of a polygon of anv number of sides, which he inscribes in a given circle, 
so that the sides respectively shall pass through the same number of points. 
Ottajano also gives a sketch of the history of the problem. The other paper is by 
Mal&tti, and contains a solution of the general problem of the polygon last men- 
tioned. 

In the Berlin Memoirs for 1796 is a paper by Lhuilier, containing an algebraical 
solution of the most general case of the polygon. He also extends the problem to 
the conic sections, and adds a similar one respecting the sphere. An extension of 
this Problem to the Conic Sections has also been effected by Poncelet in his Traiti 
des ProprUUs PrcjecHoes, M. Brianchon has considered the Problem in the case 
where a conic section is substituted for the circle, and where the threepoints are in 
one line. His solution will be found in the Journal de TEcole I^lytechnique. 
CTom. IV.) 

Dr Wallace and Mr Lowry applied the 67th Porism to this problem in VoL n. 
of the Old Series of Leyboum's Uepository. In VoL i» of the New Series of that 
work, a new and very elegant analysis of the Porism was given by Mr Noble, which 
has been the main cuide in demonstrating the two Lemmas here used. The same 
method, slightly modified, applies to any inscribed polygon. The most elegant sys- 
tem of investigation, however, that has ever been pubhshed, is that of Mr Swale, 
in the second number of his ApoUonius. Mr Lowry has also ffiven the solution of 
the problem in the case where the ellipse is substituted for me drcle, and where 
the polygon has any nimiber of sides. See Leyboum's Repository, VoL n.. New 
Series, p. 189. 



^ 



>-* 



SIMSON'S RESTORATION OF THE PORISMS. 



It is proposed to publish, by subscription, a translation of Dr 
Simson's Restoration of the Porisms. The subject forms an in- 
teresting portion of the Ancient Greek Geometry, and the ex- 
treme scarcity of Simson's Opera Reliqua, may, perhaps, appear 
to be some apology for the undertaking. 

«. The Translation will be preceded by a full discussion of the 
peculiar character of these propositions, and an exposition of the 
sources from which many mistakes respecting them have flowed. 
Occasional notes will be added on particular propositions; and a 
full development of the Algebraical method of investigating the 
Porisms will be affixed to the Translation. 

The Treatise on Porisms in the Opera Reliqua occupies 278 
quarto pages, and from the probable number of subscribers, which 
may be expected, it is calculated that the price of each copy 
of the work will not exceed ten shiUings. 

As soon as a number of subscribers sufficient to defray the 
expenses of printing, &c., has been obtained, it is proposed to 
put the work to press. 

The work will be printed at the University Press, in octavo. 

The name^ of Subscribers and their Addresses may be sent 
to Mr Potts, Trinity College, Cambridge. 



